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Modeling of the Hysteresis Phenomena in Finite-Sized
Slitlike Nanopores. Revision of the Recent Results by
Rigorous Numerical Analysis
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The systematic investigation of the hysteresis phenomena in finite-sized slitlike nanopores via the
Aranovich—Donohue (AD) lattice density functional theory (LDFT) is presented. The new reliable
quantitative modeling of the adsorption and desorption branch of the hysteresis loop, through the formation
and movement of the curved meniscus, is formulated. As a result, we find that our proposal, which closely
mimics the experimental findings, can reproduce a rounded shape of the desorption branch of the hysteresis
loop. On the basis of the exhausted commutations, we proved that the hysteresis loop obtained in the
considered finite-sized slitlike geometry is of the H; type of the IUPAC classification. This fundamental
result and the other most important results do not confirm the results of the recent studies of Sangwichien
et al., whereas they fully agree with the recent lattice studies due to Monson et al. We recognize that the
nature of the hysteresis loops (i.e. position, width, shape, and the multiple steps) mainly depends on the
value of the energy of both the adsorbate—adsorbate and adsorbate—adsorbent interactions; however, the
first one is critical for the appearance of hysteresis. Thus, for relatively small adsorbate—adsorbate
interactions, the adsorption—desorption process is fully reversible in the whole region of the bulk density.
We show that the strong adsorbate—adsorbent interactions produce (also observed experimentally) multiple
steps within hysteresis loops. Contrary to the other studies of the hysteresis phenomena in confined
geometry via the LDFT formalism, we constructed both ascending and descending scanning curves, which
are known from the experimental observations. Additionally, we consider the problem of the stability of
both the obtained adsorption and desorption branches of the computed hysteresis loop in finite-sized
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slitlike nanopores.

1. Introduction

Hysteresis phenomena have been observed on the
adsorption—desorption isotherms for many systems. This
is attributed to the nucleation difficulties,! reorientation
effects,? the differences in the mechanisms of adsorption
and desorption,® chemisorption,*® the changes in the
structure of an adsorbent and the sieving effect,5710 the
differences in the vapor pressures of solid and liquid
formed in the pores,''~'%> and the pore connectivity effect
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and pore blocking.'6721 An important paper concerning
the last effect has been published by Sarkisov and
Monson.2? They concluded that the theories of hysteresis
formulated on the concept of pore blocking (i.e. the
traditional picture of adsorption and desorption in an ink-
bottled pore) are not supported by the results of computer
simulations. On the other hand, the mentioned authors
confirmed the traditional mechanism of hysteresis and
the Cohan model in simple cylindrical and slitlike pores.
Recently, Mezzasalma??® presented the general method
which can be applied to any hysteresis phenomenon, and
he concluded that the variational criterion of maximum
entropy production can be successfully used for the
description of adsorption—desorption data. This concept
leads to different shapes of hysteresis loops.

Generally, neglecting chemisorption, the hysteresis on
the adsorption—desorption isotherms in mesoporous
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materials is attributed to the occurrence of the capillary
condensation process.?*~3! The classical methods based
on the well-known Kelvin equation have been frequently
used for the explanation of the hysteresis phenomenon.
However, those basic concepts are limited to the macro-
scopic fluid characterized by the surface tension, bulk
density, etc. As was pointed out by Kaneko et al.,?? the
classical capillary condensation theories, applying the
above-mentioned Kelvin type relations, are a catastrophe
for pores having widths smaller than ca. 4 nm (as
determined from the nitrogen adsorption isotherm data
measured at 77 K). Following Kaneko and co-workers,3?
we use the term “nanopores” for pores with diameters
smaller than ca. 5 nm. What is the reason that such
classical concepts of the capillary condensation are useless
to the description of the hysteresis phenomena and/or the
pore size distribution in nanopores? Nowadays, novel
techniques of adsorption—desorption isotherm modeling
such as grand canonical Monte Carlo (GCMC) simula-
tions,3373 density functional theory (DFT),*~*8 molecular
dynamics (MD),* nonequilibrium lattice fluids (NELF's),?°
and lattice density functional theory (LDFT) give a partial
answer to this question. It is obvious that the concept of
a macroscopic fluid in nanopores is very far from real-
ity.?152 For a microscopic fluid placed in nanopores (i.e. in
the external potential field generated by the pore walls),
the concepts of surface tension and other macroscopic
quantities are useless.?’ It was known from the results of
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the above-mentioned advanced techniques of fluid model-
ing that the density of an adsorbed phase changes
substantially with the distance from the pore surface.?
This change has a periodical character, with the period
being close to one collision diameter of a fluid atom.
Moreover, it is commonly known from the results of the
continuous DFT or molecular layer structure theory
(MLST) that the external potential generated by a solid
surface is a rapidly decreasing function.’*~%7 Some em-
pirical corrections of the standard methods based on the
Kelvin relation have been proposed by many authors.5859
However, such corrections are purely empirical, and their
utility is usually strongly limited to a selected kind of
materials and to the specific pore geometry. Therefore,
the above-mentioned classical methods overestimate the
condensation pressure in nanopores.®° A related nanopore
size distribution function is shifted toward smaller values
of pore widths for the slitlike geometry (or pore radius for
the cylindrical one).®! One of the most valuable theories
of capillary condensation was developed by Derjaguin,
Ulin, Broekhoff, and deBoer.5?7%* They improved the
classical Kelvin concept of capillary condensation by taking
into account the influence of the surface forces on the
adsorbed film. We showed recently that this improvement
(proposed almost 40 years ago) leads, for some mesoporous
carbon fibers, to the same pore size distributions as those
obtained from the application of the most advanced
methods of mesoporosity calculation.®® Consequently, this
fundamental correction improved the relation between
the filling pressure and the pore width; however, as was
pointed by Ravikovitch et al., this concept also fails for
small nanopores due to the macroscopic quantities used
in calculations.5?

The short description given above shows that the
modeling of the hysteresis loops, which is the well-known
difficult problem in the field of adsorption science, requires
the novel concept of the description of the microscopic
fluid placed in the nanopores. Among the techniques
mentioned, the GCMC and the DFT techniques are the
most powerful, but simultaneously, they are very time-
consuming.%6:6” Moreover, as was pointed out by Ustinov
and Do,” the classical NDFT approach cannot describe
the adsorption on a simple carbon black surface without
any empirical type relations (for example, introduction of
empirical weight functions for correlation of the experi-
mental data of nitrogen on Sterling FT carbon black). Thus,
itis very hard to imagine how to use it for a both systematic
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and accurate study of the hysteresis phenomena. More-
over, Schoen et al.®® pointed out that the hysteresis in the
GCMC simulations can be observed due to a failure of the
Metropolis algorithm. So, according to Schoen and co-
workers, the observed hysteresis in the GCMC simulations
can rather be treated as a handicap of the methodology.
On the other hand, Sarkisov and Monson® argued that
the mechanism of the hysteresis could be similar in
experiments and in the GCMC simulations, provided that
the model of the adsorbent microstructure used in the
simulations is sufficiently realistic. The treatment of the
structureless potential, such as, for example, 10—4—3
derived by Steele, for the slitlike pore geometry is still the
topic of heated discussions.”®" In other words, this
potential function cannot describe some obvious, and
known from the experimental results, features of the
adsorption systems such as, for example, the edge effect
or heterogeneity. Summing up, the modeling of the above-
mentioned properties of an adsorption system is not simple
both theoretically and computationally. Here, it is worth
noting that Neimark et al.”? successfully applied the
nonlocal version of the DFT proposed by Tarazona, the
GCMC, and the gauge cell methods for the modeling of
the hysteresis loops in cylindrical pores (usually small
mesopores). Neimark and co-workers compared the com-
putational results determined for MCM type materials
with the experimental ones. Good agreement between
modeling and experimental hysteresis loops was observed.
Neimark’s studies were based on the van der Waals
metastability concept.*6 The metastability argument was
based on the notion that adsorption isotherms show a van
der Waals loop at conditions below the 2D critical point.
A first-order phase transition point is selected according
to the equality of the grand potential function in both the
liquid and gas phases or from the Maxwell rule of equal
areas. However, Kierlik and co-workers”™" concluded
(applying the DFT method) that the classical van der
Waals picture of metastability fails, due to the appearance
of many metastable states. They also concluded that the
true equilibrium capillary phase transition may occur
when the perturbation induced by a solid is sufficiently
small, that hysteresis does not necessarily imply the
existence of this phase transition, that the disappearance
of the hysteresis loop is not associated with capillary
criticality, and that thermodynamic consistency is violated
along the adsorption—desorption isotherms. Here, it is
important to point out that the GCMC simulations and
nonlocal DFT usually use the simplified model of pore
geometry (i.e. structureless, infinitely long cylinder or slit)
typically applied in the advanced techniques due to
computational efficiency. The most advanced methods
frequently applied to investigation of the hysteresis
phenomenon are based on the so-called “single pore model”.
The introduction of more complicated models leads to very
interesting results. Rocken and Tarazona’ introduced the
chemical heterogeneity produced by a periodic wall
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potential. They observed the new mechanism of capillary
condensation, characterized by the splitting of the equi-
librium “gas—liquid” transition. Also, more complicated
modes have been applied recently,’”® and among them, the
so-called “corrugated pore structure model” (CPST) was
also developed and used to describe some experimental
systems.”” The CPST treats an adsorbent as a medium
composed of a sequence of cylindrical pore segments of a
constant length and distributed diameter. After some
simplifications, the condensation—evaporation phenom-
ena and gas adsorption can be described by the theoretical
equations. Unfortunately, this model is formulated on the
basis of the classical Kelvin equation, so the validity is
limited only to mesopores.”"

Another interesting and very important concept of the
modeling of the hysteresis phenomenon has been proposed
by Aranovich and Donohue.®®8! The Aranovich and
Donohue (AD) formalism is based on the statistical lattice
gas approach introduced by Ono and Kondo.5? Recently,
Donohue and co-workers have shown that the AD lattice
density theory with the appropriate boundary conditions
can be used for the modeling of hysteresis loops in a finite
slitlike pore.8%81 Moreover, this phenomenon cannot be
observed for the case of infinite slitlike pores. We want
to point out that the AD formalism was successfully applied
for the description of mono- and multilayer adsorption on
flat surfaces and for the description of solid surface
heterogeneity.’3-8 The AD approach is particularly
important due to the possibility of the prediction of
different (and observed experimentally) shapes of adsorp-
tion isotherms. As was pointed out by Aranovich and
Donohue,® the ITUPAC classification of the adsorption
isotherms is applicable only to the condensable vapors,
and this classification does not predict that adsorption
can be a decreasing function of the equilibrium pressure.
In fact, there are many experimental data measured under
supercritical conditions, showing that the Gibbs excess
can be a decreasing function of the pressure. It is worth
pointing out that the AD theory (similarly to other lattice
models) suffers from the severe limitations imposed by
confining adsorbate molecules to the lattice sites. More-
over, similarly to the classical Ising lattice model, only
the nearest-neighbor interactions are considered, the
shape and polarity of an adsorbent is neglected, and so
on. Particularly, the restriction of interactions to the
nearest-neighbors omits the possibility of longer range
cooperative effects which may be vital in smaller pores.
From the above-mentioned limitations, we can suspect
that the AD lattice approach can work well in dense, low
temperature adsorbates but is useless for unconfined fluid
states. Since the lattice formulation comes from the theory
of solids, the solidlike adsorbate structure frequently
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present in pores of molecular diameters can be described
properly after reasonable rescaling of the energetic
parameters on a lattice. Evidently, it seems clear that the
studies on the AD approach, formulated on the grounds
of the statistical thermodynamics, should be continued.

This manuscript is organized as follows. In the first
part, we introduce the concept of so-called “kinetically
controlled experiments”. Next, we describe the numerical
problem and give the final numerical algorithm which
can be used for the systematic investigation of hysteresis
phenomena in finite-sized slitlike nanopores. For clarity,
we present a detailed picture of the fluid evolution during
the kinetically controlled experiments for a arbitrarily
selected adsorbate—adsorbent system. At the end of the
first part, we extend the concept of the kinetically
controlled experiments by generating the ascending—
descending scanning curves. In the next part, titled
Insights into the Aranovich—Donohue Idea: Stability
Investigations, we prove that the AD concept of the
hysteresis phenomena modeling in the finite-sized slitlike
pores is numerically stable. To do this, we incorporate the
original methodology and simple algorithms. Finally, we
present selected computational results and summarize
the conclusions obtained from the kinetically controlled
experiments. In all the cases, we try to relate the purely
theoretical modeling to the examples found for experi-
mental systems. We also show that the AD model can be
used for modeling of the stable hysteresis loops in the
finite-sized slitlike nanopores. Moreover, we show that
the hysteresis loops are always characterized by a usually
well developed perpendicular shape (i.e. H; type in the
IUPAC classification). This phenomenon is physically
justified, since such a type of the hysteresis loop, according
to classical book of Gregg and Sing, is mainly attributed
to the uniform material characterized by high homogeneity
of pores. Moreover, the recent DFT and GCMC results
confirm this thesis.

Our approach gives a better understanding of the
hysteresis phenomenon in nanopores; however, further
investigations will be the subject of forthcoming com-
munications. Additional effects such as the heterogeneity
of the walls, connectivity, and others will be the interest
of our group in future reports.

2. Lattice DFT in the Finite-Sized Slitlike Pores
and Kinetically Controlled Experiments

In this part, we briefly present the concept of the lattice
DFTviathe AD formalism for the finite-sized slitlike pores.

The main idea of Aranovich and Donohue used in the
formulation of the hysteresis phenomena in the finite-
sized slitlike pores comes straight from the fundamental
Everett’s statement:%” “We shall not discuss the unresolved
problem of the applicability of the Kelvin equation to the
case in which the radii approaches a few times the
molecular diameter. It may be commented, however, that
although there will no doubt, be quantitative deviations
from this equations (and these deviations may be quite
large), the fundamental kinetic factors that lead to this
equation for the macroscopic systems will still manifest
themselves in microscopic systems.”

Moreover, as we briefly mentioned above, Sarkisov and
Monson,® applying the most advanced statistical me-
chanics simulation techniques (i.e. the molecular dynamics
of adsorption and desorption by diffuse mass transfer and
classical grand canonical Monte Carlo simulation), proved
the fundamental thesis of Everett. The above-mentioned
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authors concluded that for the case of simple slitlike and
cylindrical geometry (both open and close ends) the
traditional Everett’s concept is valid. They also pointed
out that “This process was qualitatively predicted by
Cohan.”

Recently, Aranovich and Donohue developed the Ono—
Kondo equation for three dimensions.®8 It can be written
as

ln[Pi,j,k(l_Pm)

Pw(l_PiJ,k) + (Pi+1,j,k + Pi-1,jk + Pij+1,k + Pij-1,k +

Pijr+1 T Pije-1— 6P =0 (1)

where a = €/k,T, € is the adsorbate—adsorbate energy of
interaction on the lattice, &y is the Boltzmann constant,
and 7T'is the temperature. As usual, the minus interaction
energy denotes the attractive forces and the positive one
denotes the repulsion.

Equation 1 is the three-dimensional analogue of the
classical one-dimensional Ono—Kondo equation. It relates
thelocal density in each site (i,j,k) to the density in adjacent
sites and in the bulk. Equation 1 is applicable to all sites
with i2+ 2+ k2 > 1. For site (1,0,0) the boundary condition
is defined by

[91,0,0(1_900)

Pm(l_Pl,o,o) +AQ+ £2,0,0 + P1,1,0 + P1,0,1 + P1,-1,0 +

P10-1~ 6P =0 (2)

Sites (2,0,0), (1,1,0),(1,0,1), (1,—1,0), and (1,0,—1) are the
neighbors around site (1,0,0). In eq 2 we assumed that
there is a molecule at (0,0,0). Other boundary conditions
are 0o,1,0 = £0,0,1 — P-1,0,0 — £0,-1,0 = £0,0,-1 = £1,0,0- It seems
obvious that egs 1 and 2 can be applied, by the incorpora-
tion of different appropriate boundary conditions, for the
description of mono- and multilayer adsorption on the
flat surfaces and/or adsorption in finite-sized or infinite
slitlike pores.® The boundary conditions are introduced
through the nearest-neighbor attractions—repulsions in
the layers adjacent to the pore walls.

For a slitlike finite length pore, the three-dimensional
density distribution can be reduced to the two-dimensional
one (p;). As was shown by Aranovich and co-workers,%
the minimization of the free energy leads to a system of
nonlinear finite equations. However, we propose in this
study to simplify the numerical problem by introducing
symmetry into the finite-sized slitlike pore. This can be
done in two ways (see Figure 1). For the case of even
numbers of both adsorbent (equal to 2N) and adsorbate
molecules (equal to 2M), the dividing planes are placed
within N — (N + 1) and M — (M + 1), respectively. On the
other hand, for the case of odd numbers of both adsorbent
(equal to 2N + 1) and adsorbate molecules (equal to 2M
+ 1), the dividing planes are running through the N and
M molecule centers, respectively. This is the starting point
of the novel method proposed in this study. For the case
of even as well as odd numbers of both adsorbent and

adsorbate molecules, our unknowns, p;;, i € 1,M, and j €

m, are the solution of the following system of nonlinear
finite equations:

pi{1—ps,)
ln[(l_Pi,j)Pm]

=—-h . ie€lM; jelN (3)

where for odd numbers of adsorbate and adsorbent
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molecules the right-hand side (RHS) matrix A;; is given
by

hiy=op+ Piv1y T Pije1 T 20, — 50.), i1=1, j=1
(3.1a)
h (l(ﬁ + pl+1,] + pl,j 1 + pLJJrl + szJ 6poo)7 = 17
Jj=2,3,. —1 (3.2a)

hyn=aB+ pir1;t+ 201+ 20— 6pa), 1=1,
J=N (3.3a)

hi1= Q(Pi—u + P, 01 T 20— 50,,),
1=2,3,..,.M—1, j=1 (3.4a)

hw = a(pi—l,/' t i1t 01 T P T 20— 6p.,),
i=2,3,.,M—-1, j=2,3,..,N—1 (3.5a)

hin=0alp;_1;+ piv1; T 20, ;-1 + 2p;; — 6p.,),

i1=2,3,.,.M—1, j=N (3.6a)
Py = a2p; 1+ p; 500 20, = 5pa)y =M, j=1
(3.72)
Py = o201+ pyjy t i1t 2015 = 6p), i =M,
Jj=2,8,..,N—1 (3.8a)
by = 02p;yj+ 2054 + 20, — 6p,), 1 =M,
J=N (3.9a)

For the second case, i.e., even numbers of both adsorbent
and adsorbate molecules, the RHS matrix 4;; is defined
as follows:

hyy=oB+ pipy;t pijr1+ 20, = 5p), 1=1, j=1
(3.1b)
hy; =0+ pir1;t et et 20— 6p.), 1=1,
Jj=2,3,..,N—1 (3.2b)

hyn=0B + pir1;+ P11+ 30— 6p), =1,
J=N (3.3b)

hiy = olpi—y;t pivay t i1 1 20— 5p),

1=2,3,..M—1, j=1 (3.4b)

hij=olp;i—1;+ pir1jt pij1  pijia T 20,5 — 6pa),

i=2,3,.,.M—-1, j=2,3,..,N—1 (3.5b)
hin= o*(pifl,j t P10 o1 T 30— 6p,,),
i=2,3,.,M—1, j=N (3.6b)
Py = alp;q; + pijyr T30, = 5p.), i=M, j=1
(3.7b)
P = olpiyj+ Pt pijer 30— 6pa), L =M,
j=2,3,..,N—1 (3.8b)
hyn = olp;yj+ pj 1 +4p; — 6ps), 1=M, j=N
(3.9b)

where § = e,/e and ¢; denotes the energy of the interactions
between an adsorbate and the surface atom.

The solution of eq 3, with the coefficients given by eqs
3.1—3.9, can be successfully obtained by the well-known
successive approximation algorithm.®%% The efficiently

(88) Aranovich, G. L.; Donohue, M. D. JJ. Chem. Phys. 2000, 112,
2361.

(89) Lane, J. E. Aust. J. Chem. 1968, 21, 827.

(90) Korn, G. A.; Korn, T. M. Mathematical Handbook for Scientists
and Engineers; McGraw-Hill: New York, 1961; Chapter 11.3.

Langmuir, Vol. 21, No. 14, 2005 6617

obtained final results of the successive substitutions type
algorithm are closely related to the initial guess for p;;:

i € 1,M;j € 1,N. Moreover, we want to point out that the
control of the error in the successive substitutions
algorithm, especially in the hysteresis region characterized
by the dual solution, is critical for the extrapolation to the
unique stable solution (i.e. a branch of the hysteresis loop).

In the so-called kinetically controlled experiments
introduced by Aranovich and Donohue,® the adsorption
process can be modeled by the initial concave plane, and
the desorption one is modeled by the initial convex plane.
Clearly, these assumptions come from the Everett thesis.
As we will show later, the differences between initial
guesses for p;; can lead to the hysteresis loops.

In the developed successive substitution algorithm,
we model the adsorption process by the following initial
concave plane, given mathematically by (see Figure 2)

Pi —pm[(l—a)cos(gm)+a] iem; jeﬁ\]
4)

On the other hand, the desorption process is modeled
by the following initial convex plane expressed by (see
Figure 2)

Pij = P+ (b — p“)sm(ZMN) ielM; jelN (5

Here, both ¢ = 0.2 and b = 0.92 were chosen arbitrarily.

It should be noticed that from the physical point of view
the initial functions given above seem to be a very reliable
approximation of the real ones. They are premsely
1m1tat1ng the macroscopic two-dimensional meniscuses,
since they are continuous and smooth as well.

For both the adsorption and desorption processes, the
distance between the consecutive iterations (i.e. £ — 1
and k) is defined by the following scalar quantity:

1MN

Z(p — o)’ (6)

Since the positions of the dividing planes (originating
from the assumed symmetry) are different for the odd
and even numbers of both adsorbate and adsorbent
molecules (see Figure 1), the definition of the (measured
experimentally) Gibbs adsorption excess is slightly dif-
ferent for both cases. Thus, for the even number of
adsorbate and adsorbent molecules, we can define the
excess Gibbs adsorption by

4 M N
r= 7
N2 Z(pl,, Per) (7

On the other hand, for the odd number of adsorbate and
adsorbent molecules, we should define the excess Gibbs
adsorption more precisely (see Figure 1):

M—-1N-1 M-1

=—(4Z Z(pw Pes) +2L_ (PN = Po) T

2 Z(pMJ- — pu) + (oay — P) (8)
£

On the basis of the above-introduced equations, the
hysteresis phenomenon can be easily modeled by the
kinetically controlled experiments.?? As we mentioned
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Figure 1. Model of the finite-sized slitlike pores. The left panel presents a pore consisting of even numbers of both adsorbate and
adsorbent molecules (pore length 2N and pore width 2M). The right panel presents a pore consisting of odd numbers of both
adsorbate and adsorbent molecules (pore length 2N — 1 and pore width 2M — 1). Dashed lines are the symmetry axes.

Adsorption

Desorption

Figure 2. Initial two-dimensional density profile generated from eqs 4 (left panel) and 5 (right panel). The computations were
performed for the following parameters: N =15, M = 5, oo = —1.1, and ¢/k,T = —1.2. The displayed profiles correspond to bulk

density p. = 0.04.

above, in this study we develop the numerical algorithm
based on the classical successive substitution scheme. This
type of numerical algorithm efficiently copes with the
considered problem.

In Figures 3—5 we present the detailed microscopic
description of the kinetically controlled experiments via
the AD proposal for the arbitrary selected system. As
one can see, contrary to the infinitely long slitlike pores,
the AD LDF model allows the formation and the dis-
appearance of curved menisci at the open ends of the pores
(see contour local density profiles displayed in Figures 4
and 5). For adsorption, the calculations start from the
initial density profile given by eq 4 and adsorption is
calculated as the density increases. As one can see from
Figure 4, during the adsorption process, we observe a
continuous thickening of the films on each wall until they
reach the instability point (i.e. classical layer-by-layer
condensation). For desorption, the calculations start with
the initial density profile generated from eq 5 and
desorption occurs as the density decreases. During de-
sorption, the curved meniscus is formed and progressively
recedes toward the center of the finite-sized slitlike pore,
until it changes shape. Notice that for desorption the layer-
by-layer evaporation occurs from the ends of the pore.

i

Gibbs Adsorption
L]

04 T T T
0.00 0.02 0.04 0.06 0.08 0.10
Bulk Density

Figure 3. Gibbs excess adsorption isotherm for N = 30, M =
6, oo = —1.0, and eJ/kp,T = —1.0.

Such a mechanism of desorption is mapped to the rounded
shape of the Gibbs surface excess isotherm; however, the
rounded shape of the desorption branch is very sensitive
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Figure 4. Adsorption in a finite-sized slitlike pore for N = 30, M = 6, a = —1.0, and ¢/k,T' = —1.0. The final local density profiles

correspond to the blue circles marked in Figure 3.
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Figure 5. Desorption in a finite-sized slitlike pore for N =30, M = 6, a = —1.0, and ¢/k,T' = —1.0. The final local density profiles

correspond to the red squares marked in Figure 3.

to the both adsorbate—adsorbate and adsorbate—adsor-
bent interaction parameters (see Figure 3).

According to Everett, the hysteresis loop displayed in
Figure 3 is called the boundary loop or main loop. A further
important feature of the experimental hysteresis loops is
the presence of ascending and descending scanning curves
within the range bounded by the main hysteresis loop.
The ascending and descending scanning curves are
observed experimentally when the adsorption—desorption

processis reversed at the selected point placed in the region
of the main hysteresis loop.”! Due to the change of the
process direction, the system can return to the main
hysteresis loop by different paths spanning between the
adsorption and desorption branches of the main hysteresis
loop. Obviously, the existence and characteristics of the

(91) Rouquerol, F.; Rouquerol, J.; Sing, K. S. W. Adsorption by
Powders and Porous Solids; Academic Press: San Diego, 1999.
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Figure 6. Illustration of the descending (blue lines) and
ascending (red lines) scanning curves obtained from kinetically
controlled experiments via the extended AD LDFT. The values
of the parameters are displayed in the figure.

scanning behavior of an adsorbate—adsorbent system
showing hysteresis are important factors which must be
taken into account during development of the theory of
the phenomenon. In the current paper, we extended the
concept of the kinetically controlled experiments via the
AD proposal to generate the ascending—descending scan-
ning curves. This can be simply done by reversing the
adsorption or desorption path during computations. In
Figure 6 we prove that the extended AD kinetically
controlled experiments via the LDFT method can generate
the scanning curves; however, their nature is not inves-
tigated in this study. One thing is certain: that the
scanning behavior in pure finite-sized slitlike pores is
related to the presence of steps on the adsorption—
desorption branch of the main hysteresis loop. The
stepwise character of condensation—evaporation in finite-
sized slitlike nanopores can only be observed for some
adsorbate—adsorbent systems, usually characterized by
relatively strong both adsorbate—adsorbate and adsor-
bate—adsorbent interactions. Consequently, not all ad-
sorbate—adsorbent systems can generate ascending—
descending scanning curves. Moreover, the ascending—
descending scanning curves are bounded by the main
hysteresis loop, as was suspected from the experimental
results.

Kowalczyk et al.
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Figure 7. Rigorous numerical analysis of the hysteresis loop
(adsorption branch, solid line/open circles; desorption one, short
dashed line/closed circles) generated on the basis of the AD
LDFT in the finite-sized slitlike nanopore (parameters are
displayed in the picture). The calculations were performed for
the following numbers of successive substitutions: black line,
30; blue line, 60; red line, 100; dark green line, 500; circles,
10000.

3. Insights into the Aranovich—Donohue Idea:
Stability Investigations

The stability problem of the hysteresis phenomena is
usually omitted by many authors because it is difficult to
answer questions such as the following: Do we evaluate
the stable branches of the hysteresis loop? Did we detect
all solutions of nonlinear equations? Are the solutions
physically justified? Moreover, in the investigations of the
adsorption—desorption hysteresis phenomena, the clas-
sical Lapunov’s?29 concepts of the “local” or “global”
stability cannot be applied directly, since we do not know
the dependence of the phenomena on time.

In the current paper, we introduce the concept of the
“numerical stability”. At equilibrium, the grand potentials
(i.e. minimized function) of all phases in the system are
equal. This condition defines the equations of equilibrium
derived by Aranovich et al. and presented above (i.e. eq
3 with the coefficients given by eqs 3.1—3.9). It is commonly
known that the appearance of the hysteresis means exactly
the possibility of the existence of multiple solutions of the
nonlinear system of the equations given above. Clearly,
not only the first-order phase transition can give the
multiple solutions. As in our model, closely related to the
AD proposal, the multiple solutions (here, exactly the
branches of the hysteresis loop) can originate from
different boundary conditions.

On the basis of the above-described classical concept of
the hysteresis phenomena, we can suspect that adsorption
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Figure 8. Influence of the insufficient number of the successive substitutions on the shape of the hysteresis loops for selected
parameters given in the pictures (see left panel). The right panel shows the error plots for the arbitrary selected loops from the

left panel.

can cause condensation at certain spots (like corners,
edges, or just in the middle of the finite-sized slitlike pore—
whatever). This picture of the condensation process is fully
physically justified. On the other hand, the desorption
process should be modeled by an initial convex plane,
according to the well-known Cohan® proposal.

Here, another question appears: What situation will
occur when the initial density profiles represent the
intermediate state between functions introduced for mod-
eling both adsorption and desorption processes (i.e. eqs 4
and 5)? In other words: Is the final solution, generated
from the initial intermediate density profile, the exact one
among the branches of the hysteresis loop detected (applying
the initial conditions given by eqs 4 and 5)? If all initial
intermediate density profiles always lead to the adsorp-
tion—desorption hysteresis loop generated on the basis of
the initial conditions given by eq 4 or 5, then we can state
that the modeling is numerically stable and, moreover,
the obtained results are unique. Here, the term “all” should
be treated as physically justified by the classical Cohan
approach.%

To investigate the numerical stability of the hysteresis
phenomena modeling according to the AD proposal, we

introduce the following additional initial density distri-
bution functions, given by

0= pm[(l — a)(ﬂ%v) + a] +I1(0,8), i€ m;

Pij = pm[a cos(2nﬂ%v) +1- a] + I11(0,0), i€ W;
j€1,N (10)

01 = Pt (b= p,) sin(g A%V) + 10,0, ieLM;
je LN (11)

Here, a = 0.2 and b = 0.92. The Gaussian noise, I1(0,0),
imitates some of the density fluctuations added to the
initial density profile. Clearly, for the initial density profile,
the conditions p;; € [0,1],7 € 1,M, and j € 1,N should be
fulfilled by the additional constraints.
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Figure 9. (Left panel) Initial two-dimensional density profile generated from eqs 10 and 11. (Right panel) Final density profile.
The Gibbs excess adsorption—desorption isotherm is also presented at the bottom. The computations were performed for the
following parameters: N = 15, M = 5, a = —1.1, e/k,T = —1.2, and bulk density p., = 0.04.

Summing up, our idea is to prove that, for a realistic
model of the function modeling the initial two-dimensional
density profile in the finite-sized slitlike nanopore and
being the intermediate function given by eqs 4 and 5, the
final results should always be the adsorption or desorption
branch of the hysteresis loop.

4. Results and Discussion

We performed a systematic study of the hysteresis
phenomena in finite-sized slitlike nanopores. First of all,
we paid more attention to the accuracy of the obtained
solutions, since the shape of the hysteresis loop is closely
related to them. In the above-cited paper of Sangwichien
et al., the authors concluded that: “Itis shown that LDFT
can predict adsorption isotherms with hysteresis loops and
that different types of hysteresis loops can be obtained

(92) Lapunov, A. M. General Problem of Motion Stability; ONTI:
Moskov, 1935 (in Russian).

(93) Bogusz, W.; Dzygadlo, Z.; Rogula, D.; Sobczyk, K.; Solarz, L.
Stud. Appl. Mechan. 1991, 30, 87.

(94) Cohan, L. H. J. Am. Chem. Soc. 1938, 60, 433.

by varying energies of adsorbate—adsorbate and adsor-
bate—adsorbent interactions for different widths and
lengths of a slitlike pore.” The authors introduced the
classical successive substitution algorithm using Wol-
fram’s MATHEMATICA software.”® However, they did
not explain the details of the performed computations.
We developed the original program based on the classical
successive substitution scheme, exactly the same as that
mentioned by Sangwichien et al.®! Additionally, we
monitored the errors between all successive iterations for
all computed points. The selected final results, presented
in Figures 7 and 8, are critical for the application and
understanding of the hysteresis phenomena in the finite-
sized slitlike nanopores via the AD LDFT formalism. Let
us first pay attention to Figure 7, as we can suspect the
problem of the accuracy of the computations is charac-
teristic of the hysteresis region. For an insufficient number
of successive substitutions (i.e. the small final accuracy),
the loop is wide and is almost of the Hy type in the IUPAC

(95) Wolfram, S. The Mathematica Book, 3rd ed.; Wolfram Media/
Cambridge University Press: Cambridge, 1993.
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Figure 10. Final density profiles in the finite-sized slitlike pore (N = 15, M = 5, oo = —1.1, e/kyT = —1.2) obtained for the selected
density values in the bulk phase p., = 0.0013; 0.02; 0.04. The left panels present the final adsorption density profiles, and the right

ones display the final desorption ones.

classification.” However, for an increasing number of
successive substitutions, the loops transform to the
classical H; type (i.e. the adsorption and desorption
branches are almost vertical and nearly parallel to one
another). Such a transformation is characterized by a
gradual changing, and the final true hysteresis loop is
narrower than that calculated with insufficient accuracy.
From Figures 7 and 8 we can conclude that this is the
general tendency. Thus, the following primary question
arises: What is the sufficient number of successive
substitutions (i.e. the accuracy of the computations)? To
answer this question, we introduce the mathematical
definition of the boundary. It means that the number of
successive substitutions should be large enough that the
final results cannot be dependent on them. In all our
calculations, we assume the number of successive sub-
stitutions is equal to 10 000 (i.e. for all points, with and
beyond the hysteresis region, the final accuracy is about
1 e 12). Clearly, as one can see from Figures 7 and 8, the
hysteresis loops generated by the AD LDFT in the finite-
sized slitlike nanopores are always of the type H;
(sometimes with additional steps due to the layering
process) if the required accuracy is achieved.

Knowing the proper value of the control parameters of
the considered model, we investigated the numerical
stability introduced in the previous section. Some selected
results from the large number of the performed numerical
computations are presented in Figure 9 and in Supporting
Information Figures 1S, 2S; and 3S. One can find the
typical initial and corresponding final density profiles for
the arbitrarily selected bulk density (o, = 0.04) from the
hysteresis region. The corresponding Gibbs excess ad-
sorption—desorption isotherm is also displayed. It can be
concluded that the AD proposal is numerically stable and
the final hysteresis loop is unique. This fact is worthy to
be pointed out.

The scenario of the hysteresis phenomena obtained from
the LDTF modeled by the kinetically controlled experiment
is always very similar. As an example, in Figure 10 we
present the dynamic creation of the hysteresis loop for
the arbitrarily selected values of the parameters. Figure
10 presents the final density profiles for the adsorption
(left panel) and desorption (right panel) branches of the
hysteresis loop obtained from the LDFT for the arbitrarily
selected density in the bulk phase. Beyond the hysteresis
region, the final density profile in the finite-sized slitlike
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Figure 13. Data calculated for another set of parameters; the description is the same as that for Figure 11.

nanopore is the same for both the adsorption and
desorption processes. In other words, adsorption is
reversible and as a result the initial conditions (i.e. the
initial density profile) do not influence the final results.
However, for some values of the density in the bulk phase,
the hysteresis is very lightly pronounced (see the bottom
of Figure 10). Since the final two-dimensional density
profile in the finite-sized slitlike nanopore is different for
the adsorption and desorption processes, the resulting
adsorption and desorption curves (i.e. the Gibbs excess of
adsorption—desorption) diverge and hysteresis appears.

It is important that all our investigations do not refer
to the concrete adsorption—desorption system, since they
are done with dimensionless quantities. Consequently,
our results, selectively displayed in Figures 11—14, can
be regarded as general ones.

First, we explain the results presented in Figure 11. As
one can see, the hysteresis loop can appear only when the
energetic parameters are sufficiently large (i.e. o = €/k, T
=—0.9 + —0.7). Moreover, the adsorption and desorption
branches are always almost vertical and nearly parallel
toone another. On the other hand, the size of the hysteresis
loops changes regularly. For the relatively small values
of both the adsorbate—adsorbate and adsorbent—adsor-
bate interactions, the hysteresis loop is narrow. The rise
in the energy of the above-mentioned interactions leads
to the widening of the hysteresis loop. It is worthy to
emphasize that some additional steps on the adsorption
and desorption hysteresis branches can appear. This
phenomenon, also found in the continuous DFT method,
comes from the competition between the layering and

condensation—evaporation processes.?®%” From Figure 11
we can also conclude that, generally, the dimensions in
the nanopore range slightly influence the hysteresis
behavior. All generated hysteresis loops are characterized
by the well-defined rounded desorption branches.

From Figure 12 one can conclude that hysteresis is well
defined when the values of the adsorbate—adsorbate and
adsorbate—adsorbent interaction energies are comparable.
Clearly, the value of the energetic parameters should be
large enough. Additionally, the results displayed in Figure
12 show that, for relatively weak adsorbate—adsorbate
interactions and relatively strong adsorbate—adsorbent
interaction energy, the hysteresis loops can disappear.
Here, we also obtained a well-defined rounded desorption
branch of all the computed hysteresis loops.

In Figure 13 we present the results of the computations
for the very small adsorbate—adsorbate interaction energy
and for the progressively increasing adsorbate—adsorbent
one. The results are very interesting and confirm the
following thesis: hysteresis loops never appear in the
finite-sized slitlike nanopores if the adsorbate—adsorbate
interaction is relatively small, contrary to the very high
value of the adsorbate—adsorbent interactions. This fact
is well-known from the experimental studies. As an
example, the adsorption of nitrogen or hydrogen at
supercritical conditions is always a reversible process.
Under supercritical conditions, the thermal motion and
relatively weak fluid—fluid interaction of molecules
prevent the condensation and the densification of fluid in

(96) Stepniak, K.; Patrykiejew, A.; Sokolowska, Z.; Sokolowski, S. /.
Colloid Interface Sci. 1999, 214, 91.

(97) Franke, O.; Schulz-Ekloff, G.; Rathousky, J.; Starek, J.; Zukal,
A. J. Chem. Soc., Chem. Commun. 1993, 9, 724.
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Figure 14. Data calculated for another set of parameters; the description is the same as that for Figure 11.

nanopores, resulting in a reversible adsorption—desorp-
tion isotherm.

Figure 14 displays the results of the hysteresis modeling,
assuming relatively large adsorbate—adsorbent interac-
tions (i.e. e,/k,T = —1.2) and a progressive increase in the
energy of adsorbate—adsorbate interactions. Here, the
general trend in the hysteresis loop transformation is very
similar to the one displayed in Figure 11. However, as one
can observe, the steps on both the adsorption and
desorption branches of the hysteresis loops are very lightly
pronounced. This seems obvious, since the adsorbate—
adsorbent interactions are assumed to be relatively high.
It is worthy to emphasize that these are the experimental
data exhibiting steps within the hysteresis loops.®”

Summing up our computational results, we can state
that the hysteresis in the finite-sized slitlike nanopores
is mainly dependent on both the adsorbate—adsorbate
and adsorbate—adsorbent interactions; however, the first
ones seem to be critical for the appearance of the hysteresis
loops. Generally, the increase in both types of interactions
causes the progressive widening of the hysteresis loop.
This statement can be regarded as a general one only if
some critical values of the adsorbate—adsorbate interac-
tions are exceeded. The problem of hysteresis disappear-
ance can be assigned to the relatively weak adsorbate—
adsorbent interactions and relatively high adsorbate—
adsorbent ones. Finally, for the very weak adsorbate—
adsorbate interactions, hysteresis is not expected.

Figure 15 shows the effect of temperature on the
hysteresis shape and on the value of the Gibbs excess of

adsorption—desorption. We assume the equality of the
adsorbate—adsorbate and adsorbate—adsorbent inter-
action energies. Next, we are progressively increasing the
temperature (i.e. we reduce the interaction energies) for
an arbitrarily chosen size of the slitlike nanopores.
Consequently, the adsorption—desorption phenomenon
is transformed from subcritical to supercritical conditions.
As aresult, the hysteresis loop is progressively decreased
during simulated heating. In adsorption—desorption
processes placed in supercritical conditions, the hysteresis
effect practically disappears. The hysteresis loops pre-
sented in Figure 15 belong to the classical H; type in the
TUPAC classification. There are no changes of the hys-
teresis type during the simulated heating. The hysteresis
is only lowering the loop during this modeling. Moreover,
the rounded shape of the desorption branch for all
generated hysteresis loops during the simulated heating
is prevented.

The above-reported features were predicted by the DFT
modeling®® of adsorption—desorption phenomena and were
also observed experimentally.?7-99-109
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Figure 15. Effect of the temperature on the adsorption (solid lines)—desorption (dashed lines) isotherms.

5. Conclusions

The presented studies should be treated as basic ones.
We do not precisely analyze the adsorption—desorption
system; however, we prove (applying the idea of the
kinetically controlled experiments) that hysteresis loops
can be observed in finite-sized slitlike nanopores. Ac-
cording to the AD LDFT model, the hysteresis loop is a
consequence of different boundary conditions (i.e. shape
of the curved meniscus) which are modeled in the current
work in a rigorous mathematical fashion. We find that
the hysteresis phenomena in the considered geometry can
be modeled by a microscopic model resulting in formation
and movement of a curved meniscus. Such a mechanism
is mapped into the rounded shape of the desorption branch
of the hysteresis loop. In contrast to a recent paper of
Sangwichien et al., we explain the real behavior of the
hysteresis phenomena described on the basis of the AD
LDFT. We want to point out that in such a geometry the
H; type of the IUPAC classification is observed. This
conclusion is fully justified by the classical concept of the
adsorption hysteresis described by Gregg and Sing and
the recent DFT and GCMC results. We showed that the
strong adsorbate—adsorbent interactions produce multiple
steps within hysteresis loops which were observed ex-
perimentally. In addition to the other studies of hysteresis
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(103) Naono, H.; Hakuman, M. J. Colloid Interface Sci. 1993, 158,
19.
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101, 1726.
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(108) Morishige, K.; Shikimi, M. JJ. Chem. Phys. 1998, 108, 7821.

(109) Brovschenko, I.; Geiger, A.; Oleinikova, A. Phys. Chem. Chem.
Phys. 2001, 3, 1567.

phenomena via the LDFT formalism (see refs 110 and
111), we constructed both ascending and descending
scanning curves which are known from experimental
observation.1%

Nowadays, the experimental verification of the obtained
computational results is very difficult because, in reality,
all materials composed of finite slitlike nanopores (i.e.
activated carbons, activated carbon fibers, etc.) are, to
more or less an extent, heterogeneous. However, for
example, the hysteresis on water adsorption—desorption
isotherms measured in small nanopores is a well-known
experimental fact.!'®® Moreover, this agrees with our
modeling, since water adsorption is attributed to the strong
specific adsorbate—adsorbent interactions with surface
oxides and to strong adsorbate—adsorbate interactions
between the clustered molecules forming the hydrogen
bonds.

We wish to underline that further experimental as well
as theoretical studies of hysteresis in the finite-sized
slitlike nanopores will be the subject of our forthcoming
correspondence.
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