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We study the role of short-range directional interactions in coarse-graining (CG) of protic (i.e., acetamide,
methanol, ethanol, and water) and aprotic (i.e., acetone, benzene, and toluene) liquids at normal conditions.
For this purpose, we introduce a new CG method in which the average interactions between atomistic molecules
and CG beads measured in an N,P,T ensemble are preserved. We show that the spherically symmetric effective
CG potential constructed according to our scheme is able to reproduce structural/thermodynamic properties
of aprotic liquids; the heat of vaporization and total bonding energy profile for monomer are reproduced with
good accuracy, while the density and radial distribution function are reproduced with fair accuracy within the
proposed method. In contrast, the isobaric heat capacity is underestimated in the CG simulation because
some of the fluctuations have been washed out from atomistic aprotic liquids. For protic liquids, spherically
symmetric effective CG potential produces more structure, enhanced packing of beads, and underestimated
isobaric heat capacity of CG liquids. This fundamental difference between protic and aprotic liquids can be
explained by the presence of short-range directional interactions in the former liquids. We conclude that
some information during the CG into spherically symmetric interaction potentials of protic liquids has to be
lost. However, understanding how short-range directional interactions influence the structural and thermo-
dynamic properties of the CG liquids seems to be the key for improving the CG methods.

I. Introduction

Coarse-graining (CG) of liquids, soft materials, and biomo-
lecular systems is a fundamental problem of modern statistical
mechanics for which a general solution has not been found yet.
Many important biomolecular and condensed phase processes
evolve on length and time scales that expand far beyond the
capabilities of the conventional atomic-level simulation (i.e.,
atomistic time scales on the order of 10 ns and typical system
sizes of atomistic simulation on the order of 50-60 Å). Thus,
a description of static and dynamic properties of complex
systems by well-defined lower resolution models is one of the
most important problems of modern statistical mechanics and
molecular simulation. CG molecular models seem to be
particularly promising for simulations of complex systems since
they can be used to bridge between the microscopic and the
mesoscopic level of description. As mentioned by Voth,1 “CG
promises to provide a revolutionary advance for the scientific
community, especially in the field of computer simulation”.
However, more fundamental works connected with a CG
description of matter need to be done to fully explore its
applicability and limitations.

Common to all CG methods is that the groups of atoms are
clustered into new CG beads.2-25 Those CG beads then interact
through more computationally efficient effective interactions.
The combination of the reduction of the total number of degrees
of freedom of the system with these simplified effective
interactions allows for a significant jump in the accessible

spatial/temporal scales.1 Reduction of molecular scale informa-
tion during the CG process results in lower resolution models
of the systems of interest. Beside a required simplification of
atomistic structures/interactions, a CG model should retain the
key physical features of the system of interest.

In a majority of papers connected with CG, the authors have
concentrated on the reproduction of a particular structural
property of the atomistic system (i.e., pair correlation function,
etc.) at the CG level. Moreover, the authors often focused on a
single particular macromolecule26 or complex system.27 In a few
papers, the authors investigated the reproduction of several
structural/thermodynamic properties of atomistic systems in CG
simulations. Marrink and co-workers15 have developed transfer-
able coarse-grained potentials for semiquantitative lipid and
surfactant simulations. The authors reproduced the density,
isothermal compressibility, and mutual solubility of water and
n-alkanes at the CG level with reasonable accuracy (see Table
1 in ref 15). However, the authors stated that15 “Our goal was
to reproduce the experimental densities of pure water and alkane
systems around room temperature, the mutual solubility of oil
and water, and the relative diffusion rates”. Thus, by construction
of CG effective potentials, all these properties computed in
atomistic and CG simulations should be the same. Baron et al.28

compared other thermodynamic properties computed from
atomistic and transferable CG simulations. For water and
n-alkanes, Baron et al. found systematic deviations of thermo-
dynamic properties computed in atomistic and CG simulations
(see Table 1 in ref 28). For instance, for liquid water at 303 K,
the enthalpy of vaporization computed from atomistic simulation
of 42 kJ/mol was comparable with 43.9 kJ/mol measured
experimentally. In contrast, two CG models predicted 29 and
30 kJ/mol, respectively. For n-alkanes a large deviation of the
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enthalpy of vaporization from experiment (up to 36% for
n-butane) was observed.28 Further, as the author explained, the
CG models evidenced stronger ordering than their atomistic
counterparts, especially in the first shell. The radial distribution
functions computed from CG simulations of liquid n-C16 at
323 K are characterized by much higher correlations at short
and long distances (see Figure 1 in ref 28). Hydration free
energy, solute-solvent interaction energy change upon hydra-
tion, and solute-solvent entropy change upon hydration were
underestimated in CG simulations for all studied n-alkanes (see
Figures 1-4 in ref 28). These results are surprising because all
structural/thermodynamic properties of n-alkanes can be easily
reproduced by the CG force field developed by Ungerer et al.29,30

or the simple isotropic CG scheme introduced by Mognetti et
al.31-33 In a series of papers, Mognetti et al.31-33 successfully
reproduced thermodynamic properties of carbon dioxide, n-
alkanes, krypton, nitrogen, xenon, and benzene. For linear
carbon dioxide and disklike benzene molecules, the authors
coarse-grained the quadruple interactions by an isotropic
quadruple model, whereas the dispersion interactions were
expressed by a (12,6) Lennard-Jones potential.32,33 In contrast
to the CG scheme due to Marrink et al.,15,28 Mognetti et al.
successfully reproduced the thermodynamic properties of n-
alkanes (including long ones, such as C16H12) such as coexist-
ence densities and interfacial tensions between the coexisting
vapor and liquid phases (see Figures 6-8 in ref 32). It is
important to realize that the CG scheme introduced by Mognetti
et al. was built on the strong theoretical foundations (see the
work of Stell et al.34). Interestingly, the authors were able to
predict the mixture properties of the molecules mentioned above
by using the standard Lorentz-Berthelot combining rule for
cross interactions.32 These results are remarkable achievement
in the description of fluid mixtures by computer simulations.
However, it is worth emphasizing that the CG method due to
Mognetti et al. was applied only to small molecules that are
characterized by weak electrostatic forces.31-33 The open ques-
tion is how this CG scheme works for simple, nearly spherical
molecules characterized by strong anisotropy of molecular forces
such as water, alcohols, or their mixtures. In fact, the description
of intermolecular forces between water molecules in the liquid
state by spherical potentials is a hard problem that has been
studied by Johnson et al.,35 Izvekov and Voth,36 and others.
Marrink et al.15 stated that “the properties of bulk water can be
reproduced by coarse graining four water molecules into one
LJ bead of type P”. However, the authors were only able to
reproduce the density and isothermal compressibility of liquid
water (see Table 2 in ref 15). In contrast, Johnson et al.35

concluded that “Because at a given state point the pair potential
that reproduces the pair structure is unique, we have therefore
explicitly demonstrated that it is impossible to simultaneously
represent the pair structure and several key equilibrium ther-
modynamic properties of water with state point dependent
radially symmetric pair potentials”. Indeed, Izvekov and Voth36

successfully reproduced the radial distribution functions for
liquid water by their CG method. However, all thermodynamic
properties of liquid water, except density, computed from a
spherically symmetric CG model of the water molecule were
highly underestimated (see Table 2 in ref 36). For instance, the
average potential energy of liquid water computed in atomistic
simulation at 298 K of -41.5 kJ/mol was reduced up to -17.9
kJ/mol in one-site water CG simulation. Clearly, this disagree-
ment cannot be explained by the packing effect because
atomistic water molecules are nearly spherical. Thus, the
following question arises: Does the obserVed disagreement result

from the intrinsic properties of water? Allen and Rutledge
presented a new density-dependent implicit solvent CG model.37

Within their CG scheme, the authors successfully reproduced
the radial distribution function and the excess chemical potential
for a system of Lennard-Jones particles in an implicit solvent
simulation (i.e., the solvent-solute and solvent-solvent interac-
tions were embedded into effective potential between solute
particles). Note, however that Allen and Rutledge described the
system of spherical particles interacting via weak dispersion
forces.37 How this CG method works for particles interacting
via highly anisotropic forces is an interesting question to address.

We believe that the fundamental problem is to connect the
accuracy and limitations of the CG model with the molecular
interactions between beads at an atomistic level. Finally, we
argue that the ability of the CG model to predict a broad
spectrum of properties of atomistic systems at the CG level is
a more interesting and challenging issue then reproduction of
just one particular feature. Here, the term “broad spectrum” is
not limited to structural/thermodynamic properties that have
been used for construction of the CG molecular forces. For
example, it has been shown that many CG methods are able to
reproduce the atomistic radial distribution functions at the CG
level.7,38,39 It is not surprising because at short distance the
correlations in dense liquids are dominated by excluded volumes
(i.e., the correct size of the cluster of atoms grouped into a bead
is essential for reproduction of the short-range correlations).40-43

However, from both theoretical and practical points of view, it
is more interesting to show how the remaining structural/
thermodynamic properties computed in atomistic simulation (i.e.,
total bonding energy for monomers, heat of vaporization, heat
capacity, density, etc.) are reproduced at the CG level. If those
properties are different in atomistic and CG simulation, the
question to answer is the source of this disagreement. Clearly,
any comparison between structural/thermodynamic properties
that have been used for the adjustment of the CG forces is
meaningless because those properties are equal in atomistic and
CG simulations by construction of the CG model.

In fact, as will be intuitively obvious, many beads look very
similar at finite temperatures (here, “beads” can be visualized
as rotating dynamical objects). Continuing, one can expect that
interactions between beads of quasi-spherical shape, which
interact via weak isotropic interactions (for example, aprotic
liquids) can be approximated by a simple spherically symmetric
potential. In other words, for these particular types of beads,
many structural/thermodynamic properties computed at the
atomistic level can be easily reproduced by a carefully formu-
lated CG scheme. On the other hand, highly directional short-
range interactions between quasi-spherical beads (for example,
protic liquids) cannot be accurately described by a spherically
symmetric potential. Some atomistic information has to be lost
because the interactions between those beads are highly aniso-
tropic at finite temperatures (i.e., the assumption of isotropic
symmetry of molecular forces leads in principle to incorrect
description of protic beads interacting with highly directional
forces).

In the current paper, we address the following question: how
does the molecular shape and directionality of interactions at
the atomistic leVel influence the coarse-graining of protic/aprotic
liquids? To answer this question, we introduce a new CG
method. For selected protic (i.e., methanol, acetamide, ethanol,
and water) and aprotic (i.e., acetone, benzene, and toluene)
liquids, we compare several properties measured in atomistic
and CG simulations, including the following: heat of vaporiza-
tion, density, isobaric heat capacity, radial distribution functions,
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and distributions of total bonding energy for monomers. Let us
note that the specific heat depends on the variance of the
enthalpy and is determined by fluctuations of the energy and
the volume in the N,P,T ensemble.44,45 In the case of spherical
beads interacting with spherically symmetric interaction poten-
tials, the energy and volume fluctuations are associated with
deviations of the interparticle separations from the average value.
For particular relative orientations of protic molecules, hydrogen
bonds (H-bonds) are formed and the energy is significantly lower
compared to the orientations in which the H-bonds are absent.
Because of thermal motion, the molecules rotate, and different
relative orientations of the molecules, associated with different
energies, yield additional contribution to the energy fluctuations.
As a result, the energy distribution is much broader than for
isotropic potentials. Similarly, the volume of the system depends
on relative orientations of nonspherical molecules, and this
dependence on orientations yields additional contribution to the
volume fluctuations. Thus, we can expect that the quantities
determined by fluctuations are underestimated in the CG
simulations, and it is interesting to compare this effect for protic
and aprotic molecules with different nearly spherical shapes.
Indeed, the isobaric heat capacity is significantly underestimated
in the CG simulations. Beside the isobaric heat capacity (the
property that is computed from fluctuations) and density that
deviates from the atomistic simulation result by 2-10%, our
CG method successfully reproduces all the remaining properties
listed above for aprotic liquids at 298 K and 1 bar. In contrast,
we found that the spherically symmetric CG potential, optimized
so as to reproduce the average potential energy, produces much
more structure and enhanced packing for protic liquids at 298
K and 1 bar. We explain this observation by taking into account
the role of the directionality of short-range interactions in
atomistic simulations.

II. Theory

II.1. Coarse-Graining. Let us consider a system of identical
atomistic rigid molecules, consisting of n atoms whose separa-
tions within the molecule are fixed. The intermolecular force
between molecules A and B is determined by the potential Ua(q),
where q ≡ {ri

A - rj
B}i,j)1,2,...,n is the set of separations between

each atom in the molecule A and each atom in the molecule B
(ri

A and rj
B denote the position of the ith atom in molecule A

and jth atom in the molecule B, respectively). Because in the
case of rigid molecules the intramolecular separations |ri

A -
rj

A| are fixed, the independent variables determining Ua(q) can
be chosen as qj ) (rA,B,ωA,ωB), where rA,B ) |rA - rB| is the
distance between the centers of mass of the molecules A and B
and ω ) (θ,φ,ψ) represents Euler angles. Let us approximate
such an atomistic rigid molecule of any shape by an effective
spherical bead. Following this assumption, the anisotropic
potential Ua(q) is approximated by the spherically symmetric
effective potential Uc(r), which depends only on the distance r
) |r| between the centers of mass of the beads. Although the
effective potential Uc(r) describing the interactions between the
spherical beads on the CG level is unknown, its asymptotic
properties are,

where σ denotes the diameter of the hard-core of the spherical
bead.

To extract a trial effective potential Ψ(r) from an atomistic
molecular simulation, Ercolessi et al.46,47 proposed a so-called

“force matching method”. Following this concept in the present
context, we extract a trial spherically symmetric CG potential
between the beads from the atomistic simulation. In the first
step, we compute a pair potential of the orientation-averaged
force between two molecules (say, A and B). More precisely,
the force between the two molecules is averaged over their
orientations and over positions and orientations of the remaining
molecules in the N,P,T ensemble. The potential is given by

where r is the distance between the centers of mass of the
molecules A and B, rcut is the cutoff distance used for calculation
of intermolecular potentials in atomistic fluid, and rmin is the
shortest distance between the molecules. The term f ) |f| is
the magnitude of the average force f between the molecules A
and B when the separation between their centers of mass is �,
and f is given by

where 〈...〉� denotes the conditional ensemble average, with fixed
separation � between the centers of mass of the molecules A
and B, rij

A,B ) |ri
A - rj

B| is the distance between the ith atom in
molecule A and the jth atom in the molecule B, and uij(x) denotes
the distance dependent site-site intermolecular potential ex-
pressed by (12,6) Lennard-Jones or Columbic potential (see the
next paragraph). The function f(�) corresponds to the net force
between two molecules when their centers are separated by the
distance �, derived by Voth and co-workers (see refs 1 and 10).
Voth and co-workers demonstrated that this force function could
be derived as a mean field approximation to the many-body
mean force field.1,10 The average force given by eq 3 is simply
collected in atomistic simulation. For this purpose, the distance
0 e r e rcut is divided into bins with a width of 0.02 Å. After
an initial equilibration of the atomistic fluid, the equilibrium
configurations are swapped with regular frequency. In these
configurations, each pair of molecules separated by the distance
� was used for the accumulation of the average force between
the beads given by eq 3. The trial spherically symmetric potential
between the beads is computed from eq 2 by numerical
integration. We found that the trial effective CG potential
computed from eq 2 is characterized by correct asymptotic
properties and reproduces the pair distribution function reason-
ably well, as expected by construction of this potential (see
Appendix A for more details). However, it underestimates the
average potential energy for all studied fluids measured in CG
simulations (see Figures 1, 2, 5, and 6). This is because the
distribution function for positions of the centers of mass is
obtained by integrating the Boltzmann factor over orientational
degrees of freedom, while the average energy is obtained by
integrating over orientational degrees of freedom the Boltzmann
factor times energy (see Appendix B for more details).

In this work, we propose a simple method of improving the
trial CG potential. Our method of optimizing the coarse-graining
procedure is neither unique nor yielding the best possible form
of the CG potential. The advantage of our method is its
simplicity and possibility of comparing the performance of the
effective potential optimized within our scheme for different
classes of molecules, including protic and aprotic ones.

Uc(r) f ∞, as r f σ
Uc(r) f 0, as r f ∞ (1)

Ψ(r) ) ∫rmin

r
f(�) d� for r e rcut (2)

f(�) ) -〈 ∑
i∈A

∑
j∈B

∇uij(rij
A,B)〉

�
(3)

12990 J. Phys. Chem. B, Vol. 113, No. 39, 2009 Kowalczyk et al.
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In order to describe the radial distribution function with
reasonable accuracy, let us postulate that the CG effective
potential is just proportional to the trial effective CG potential
calculated in the atomistic simulation

For the above form of the effective potential, we require that
the average potential energy per bead in the atomistic and CG
model is equal. The optimal CG potential can be found from
the solution of the following variational functional:

where 〈Ua〉 and 〈Uc〉 are the average potential energy per bead
computed from the atomistic and CG molecular simulation,
respectively. In each case, the MC simulations are performed
in an isobaric-isothermal ensemble. To solve the variational
functional given by eq 5, we combined the Monte Carlo
simulation in the N,P,T ensemble with the real-coded genetic
algorithm.48 However, we want to underline that any optimiza-
tion method can be used for the solution of the variational
functional given by eq 5.

For an unspecified shape of the effective potential Uc(r), the
result of the procedure given by eq 5 is not unique, but with

the assumption given by eq 4, the unknown parameter C can
be determined in a unique way. For the molecules studied in
this work, the optimal values of C are given in Table 1. The
average energy per bead in the atomistic and CG N,P,T
simulation with the potentials Uc(r) determined by eq 5 should
be the same, but the radial distribution functions will be different
for different shapes of Uc(r). Since we reduce the possible shapes
of the effective potential to the form given by eq 4, we obtain
the effective potential that should yield reasonable, but not
necessarily the best possible form of the radial distribution
function under the condition that the average energy per bead
is reproduced precisely. We emphasize that all our results are
directly related to the approximation given by eq 4.

Apart from the assumption expressed by eq 4, there is only
one requirement that controls our CG of an atomistic molecule,
i.e. the average energy per bead in atomistic and CG N,P,T
simulation should be the same. All other structural/thermody-
namic properties measured on the CG level result from these
two fundamental assumptions. Note that since our CG method
is the same for all types of molecules, the discrepancies between
results obtained in the atomistic and CG simulations should
shed light on the role of directionality of interactions and of
the geometrical shape of the molecule for the considered
quantity.

II.2. Potential Models in Atomistic Simulations. In the
atomistic simulations, we express the intermolecular potential
between two molecules A and B as a sum of site-site terms,49,50

where the sum is taken over all sites i of molecule A and sites
j of molecule B, rij

A,B is the distance between two LJ sites i and
j on molecules A and B, respectively, and uij(r) denotes distance
dependent site-site interaction potential. Depending on the type
of the site, uij(r) is given by a pairwise dispersion or electrostatic

Figure 1. Coarse-graining of benzene molecule at 298 K and 1 bar to a spherical bead of σ ) 4.96 Å (i.e., we define the collision diameter of the
spherical bead as a value for which the effective potential is zero). The right panel presents the trial effective potential, Ψ(r), (dashed line) and the
final effective CG potential (solid line), Uc(r) ) CΨ(r) where C ) 1.474 976.

Figure 2. Effective CG (bold lines) and trial effective potential (thin
lines) computed for acetone and toluene at 298 K and 1 bar. The
effective sizes of the acetone and the toluene beads are 4.74 and 5.37
Å, respectively (i.e., we define the effective size of the spherical bead
as a value for which the effective potential is zero).

Uc(r) ) CΨ(r) (4)

min[(〈Ua〉 - 〈Uc〉)
2] (5)

TABLE 1: Constants, C, Used for Rescaling of the Trial
Effective CG Potential Given by Equation 4

molecule C

acetone 2.001599
benzene 1.474976
toluene 2.397265
methanol 2.32518
acetamide 2.293975
ethanol 2.265495
water 2.24115

UA,B(q) ) ∑
i∈A

∑
j∈B

uij(rij
A,B) (6)

Coarse-Graining of Protic/Aprotic Liquids J. Phys. Chem. B, Vol. 113, No. 39, 2009 12991
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interaction energy. We assumed that the dispersion energy of
interaction is given by the (12,6) Lennard-Jones equation44,45,50

The parameters of the potential for all investigated molecules,
i.e. σA,B and εA,B, are taken from different force fields to ensure
that the presented analysis does not depend on the particular
force field but only on intrinsic properties of the studied liquids.
We used the following force fields: benzene and toluene (Wick
et al.51 force field for arenes), water (TIP4P in the work of
Jorgensen et al.52), acetone, acetamide, methanol, and ethanol
(OPLS all atoms force field in the work of Jorgensen et al.53).

We modeled electrostatic force via the Coulomb law of
electrostatic potential44,45,50

where ε0 is the permittivity of free space (ε0 ) 8.85419 × 10-12

C2/(N m2)), qi
A denotes the value of point charge i on molecule

A, qj
B denotes the value of point charge j on molecule B, rij

A,B is
the distance between two charges i and j on molecules A and
B, respectively. The values of the point charges for all
investigated molecules are taken from the force fields listed
above.51-53

II.3. Simulation Methodology on the Atomistic and CG
Level. We performed all atomistic and CG simulations in an
isobaric-isothermal ensemble by the Monte Carlo method at 1
bar and 298 K. We modeled all investigated molecules as rigid
bodies. In the N,P,T ensemble, we used two perturbation moves:
displacement and rotation of a randomly selected molecule and
the simulation cell volume change step to equilibrate the external
pressure. All simulations were performed in cycles; with each
cycle consisting of N number (N denotes the number of
molecules in the simulation cell; here, we assume N ) 1000)
of attempted particle displacements and a single simulation cell
volume change step. The center of mass of the selected molecule
was randomly displaced, whereas the rotation of the molecule
was performed in the system of the internal coordinates. The
maximum displacement as well as maximum change of the
simulation cell volume is adjusted to an ≈50% acceptance rate.
The transition probabilities for molecule displacement, rotation,
and simulation volume change step in the N,P,T ensemble are
given elsewhere.44,45 In the isothermal-isobaric ensemble, we
generated 6 × 107 configurations. The first 1 × 107 configura-
tions were discarded to guarantee equilibration, whereas the
remaining 5 × 107 configurations were used to obtain the desired
thermodynamic properties. For arbitrarily selected points, we
stored the fluctuations in the total energy. Next, the variations
of the internal energy were analyzed to ensure that thermody-
namic equilibrium was achieved. The accuracy of our MC
simulation in the N,P,T ensemble has been tested for several
models of liquid water (see the Supporting Information).

II.4. Thermodynamic and Structural Properties Mea-
sured in the Atomistic and CG Simulations. We computed
the average density of all investigated liquids from the following
expression:52

where 〈...〉 denotes an ensemble average, V is the volume of
the simulation box, and N denotes a number of atomistic/CG
beads. Additionally, we computed the heat capacity and heat
of vaporization from the fluctuation formulas52

where EA,B is the total potential energy between particles A and
B, T denotes temperature, p is the pressure, H is the enthalpy,
R is the universal gas constant, and kb denotes the Boltzmann
constant. The last term in eq 10 is associated with translational
and rotational kinetic energy of molecules. In the CG simula-
tions, the beads have no rotational degrees of freedom. Since
the MC simulations of the CG system are supposed to model
real molecules, we assume that the kinetic energy should be
the same as in the real system; therefore, we use the same
formula (10) in the CG simulations.

We compared the structure of the atomistic and the corre-
sponding CG liquids by computing the radial distribution
function (mass center-mass center)44,45

were r denotes the intermolecular distance between the mass
centers of two molecules, Fr is the number of atomistic/CG
molecules (mass centers) in the volume element, F is the overall
density, Nr is the number of atomistic/coarse-grained beads
(mass centers) inside the shell of thickness dr, N is the total
number of molecules in the system, and V is the defined volume.

Finally, we compared the total bonding profiles for monomers
computed for atomistic liquids and their CG counterparts. The
histograms of total bonding energies for monomers were
constructed by the algorithm described in a series of papers by
Jorgensen’s group.54

III. Results and Discussion

At the beginning of this section, we want to underline that
we will not consider the agreement between the average
potential energy per bead computed from the atomistic and CG
simulations for the optimized value of the scaling parameter C,
because by construction of the CG effective potential the
difference between these two energies should vanish (see eqs 4
and 5). The agreement between the average potential energy
per bead computed from the atomistic and CG simulation is
the assumption and says nothing about the limitations and
accuracy of the presented CG method. For illustration of the
dependence of the average potential energy and radial distribu-
tion function on the scaling parameter C, we will present the
results for energy as a function of C in the case of ethanol.

To begin the discussion of the results, we divide all studied
liquids into two groups. The first group includes aprotic liquids,
i.e., acetone, benzene, and toluene. Note that for those liquids,
U/kbT ≈ 10-13 (where U denotes the average potential energy
per bead and kbT is the thermal energy). Moreover, as is

uij
A,B ) 4εA,B[(σA,B

rij
A,B )12

- (σA,B

rij
A,B )6] (7)

ui,j
A,B ) 1

4πε0

qi
Aqj

B

rij
A,B

(8)

〈F〉 ) N/〈V〉 (9)

Cp ) (∂〈H〉/∂T)N,p ) (1/NkbT
2)(〈H2〉 - 〈H〉2) + 3R (10)

∆Hvap ) E(gas) - E(liq) + p(V(gas) - V(liq)) ≈ -
〈E(liq)〉/N + RT (11)

H ) E(fluid) + pV ) ∑
A<B

EA,B + pV (12)

g(r) ) Fr/F )
NrV

N(4πr2) dr
(13)
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commonly known, those molecules are not able to form H-bonds
by themselves. The second group of studied liquids includes
protic liquids, i.e., methanol, acetamide, ethanol, and water. For
those liquids, the molecular interactions are stronger, i.e., U/kbT
≈ 16.5-17. Moreover, at the atomistic level, the interactions
between protic liquids are highly directional (i.e., they are
dominated by short-range H-bonds). As will be intuitively
obvious, the integration of molecular interactions over all
rotational degrees of freedom is more realistic for aprotic
solvents. Indeed, our CG method reproduces structural and
thermodynamic properties of liquid acetone, benzene, and
toluene reasonably well, as is presented in Table 2 and Figures
3 and 4. The effective CG potential is qualitatively similar to
the (12,6) Lennard-Jones one, as is displayed in Figures 1 and
2. However, it is characterized by a smoother repulsive core.
For toluene, the shape of the effective CG potential near the
minimum is more complex. Nevertheless, for all studied aprotic
molecules, the attractive well depth of the trial effective potential
computed directly from atomistic simulations is too shallow (see
Figures 1 and 2). Thus, the adjustment of the effective CG
potential is necessary to reproduce the average potential energy
per bead computed in atomistic simulation (see Table 2 and

Figures 1 and 2). As expected, the isobaric heat capacities
computed in the CG simulations are lower than their atomistic
counterparts, as is presented in Table 2. Since the isobaric heat
capacity is proportional to the second moment of the probability
of states in the N,P,T ensemble, this means that the spherically
symmetric effective CG potential washed out some fluctuations,
as discussed in the Introduction. Although the studied aprotic
molecules are far from the quasi-spherical shape, the total
bonding energy profiles for monomers are almost quantitatively
reproduced at the CG level. Moreover, all radial distribution
functions computed from atomistic simulations are reproduced
by the CG simulations with reasonable accuracy, as is presented
in Figure 4 (see also the comparison between atomistic and CG
snapshots of liquid benzene in the Supporting Information).
Taking into account the agreement between the total bonding
energy profiles for aprotic monomers displayed in Figure 3, one
can conclude that the reduction of the isobaric heat capacity at
the CG level results from the nonspherical shape of an atomistic
aprotic molecule.

On the basis of the results summarized in Table 2 we conclude
that the lack of directional interactions as well as their strength
in comparison to thermal energy is the source of the observed
reasonable agreement between structure, density, and heat of
vaporization. We stress once more that our results rely on the
particular CG procedure described in section II. Since there may
exist better constructions of the CG potential, still better
agreement with atomistic simulations could be obtained. This
makes the prospects of modeling the aprotic molecules by the
spherically symmetric effective potentials even better.

Now we turn to the studied protic molecules. The effective
CG potentials for methanol and acetamide are compared in
Figure 5, and in Figure 6, the effective CG potential for ethanol
is shown. The effective CG potential for protic molecules is
generally more complex in comparison to aprotic molecules.
As previously, we found that the trial effective potential obtained
from simulations underestimates the average potential energy
per bead measured directly in atomistic simulation. Thus, the
adjustment of the attractive well depth is necessary if one wishes
to preserve the average potential energy of interaction per bead
in atomistic/CG simulation, as is displayed in Figures 5 and 6.
It is obvious that, for the protic molecules, the complex shape
of the effective CG potential results from directional short-range

TABLE 2: Comparison of the Thermodynamic Properties
of Aprotic Molecules Computed from the CG and Atomistic
Simulationsa

molecule property
atomistic

simulation
coarse-grained

simulation

acetone Epot (kcal/mol) -6.15 ( 0.008 -6.15 ( 0.001
∆Hvap (kcal/mol) 6.74 ( 0.008 6.74 ( 0.001
Cp (cal/(mol K)) 20.09 ( 0.73 10.54 ( 0.07
d (g/cm3) 0.7 ( 0.001 0.77 ( 0.0003

benzene Epot (kcal/mol) -6.79 ( 0.007 -6.81 ( 0.0009
∆Hvap (kcal/mol) 7.38 ( 0.007 7.4 ( 0.0009
Cp (cal/(mol K)) 16.34 ( 0.7 11.59 ( 0.17
d (g/cm3) 0.85 ( 0.0006 0.87 ( 0.00001

toluene Epot (kcal/mol) -7.72 ( 0.004 -7.73 ( 0.0008
∆Hvap (kcal/mol) 8.31 ( 0.004 8.32 ( 0.0008
Cp (cal/(mol K)) 18.86 ( 1.1 10.55 ( 0.1
d (g/cm3) 0.84 ( 0.0005 0.93 ( 0.0003

a Abbreviations: Epot denotes the average potential energy per
bead, ∆Hvap is the heat of vaporization, Cp is the isobaric heat
capacity, and d denotes density.

Figure 3. Distributions of total bonding energies for monomers in
aprotic liquids computed from CG (dashed lines) and atomistic (solid
lines) simulation at 298 K and 1 bar. The interaction potential in the
CG simulation is such that the average energies in the CG and atomistic
simulations are the same. Note that the most probable energies are
slightly different.

Figure 4. Radial distribution functions (mass-center-to-mass-center)
for aprotic liquids computed form CG (dashed lines) and atomistic (solid
lines) simulation at 298 K and 1 bar. The interaction potential in the
CG simulation is such that the average energies in the CG and atomistic
simulations are the same. Note that for the optimized average potential
energy the CG liquid is more structured and denser (see Table 2) than
the atomistic liquid.
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interactions. Let us first consider the total interaction energy
profiles for protic monomers displayed in Figure 7. Although
our CG model predicts the position of the maxima of the protic
liquids with reasonable accuracy, their dispersion is much lower
in comparison to atomistic simulation. This observation can be
understood in terms of differences in fluctuations of the two
molecular models. Simply, in every case, the spherically
symmetric effective CG potential is not able to reproduce a
broad spectrum of fluctuations that are present in highly
anisotropic atomistic systems of protic liquids. The reader
perhaps noticed that spherical beads tend to pack better then
atomistic molecules. This results in higher density as well as
structure of the CG liquids in comparison to atomistic ones, as
is presented in Table 3. Note the disagreement between the radial
distribution functions computed from the atomistic and CG
simulations (see Figure 8). The rotational motion of protic
molecules in atomistic simulation broadens the correlation
functions. Thus, it is not surprising that the imposed spherical
symmetry of beads and equal average potential energy per
molecule result in denser and more structured CG liquids, as is
displayed in Figures 8 and 9. Obviously, one can improve a
description of all radial distribution functions of protic liquids
by reduction of the effective CG potential. This however results

in incorrect energetic/cohesive properties measured in CG
simulations. Comparison of the radial distribution function and
the distribution of the total bonding energy for monomer
computed from the effective CG potentials for the values of
the rescaling constant: C ) 1.0, 1.218 54, and 2.265 495 with
the results of atomistic simulations is given in Figures 9 and
10 for ethanol. As expected (see Appendix A), the radial
distribution function is quite well reproduced for C ) 1.0 (for
separations r > 1.5σ, the agreement is very good); the energy,
however, deviates very strongly from the results of atomistic
simulation. In contrast, for C ) 2.265 495, the bonding energy
for ethanol monomer is reproduced with a reasonable accuracy,
but the structure is overestimated.

Correct description of the energetic properties could be
obtained by the CG potential Φ(r) equal to the interaction
potential between the two molecules averaged over their
orientations and over orientations and positions of the remaining
molecules (see B5 in Appendix B). On the other hand, the
structure is quite well reproduced by the CG potential associated

Figure 5. Effective CG (bold lines) and trial effective potential (thin
lines) computed for methanol and acetamide at 298 K and 1 bar. The
effective sizes of the methanol and the acetamide beads are 3.39 and
4.34 Å, respectively (i.e., we define the effective size of the spherical
bead as a value for which the effective potential is zero).

Figure 6. Effective CG potentials computed for ethanol liquid. The
red line corresponds to rescaling constant C ) 1.0, the green line
corresponds to C ) 1.218 54, and the black line corresponds to C )
2.265 495. The effective size of the ethanol bead is 4.105 Å (i.e., we
define the effective size of the spherical bead as a value for which the
effective potential is zero).

Figure 7. Distributions of total bonding energies for monomers in
protic liquids computed from CG (dashed lines) and atomistic (solid
lines) simulation at 298 K and 1 bar. The interaction potential in the
CG simulation is such that the average energies in the CG and atomistic
simulations are the same. Note that the most probable energies are
higher (except from acetamide), and the distribution is much narrower
in the case of the CG simulation compared to the atomistic simulation.

TABLE 3: Comparison of the Thermodynamic Properties
of Protic Molecules Computed from the CG and Atomistic
Simulationsa

molecule property
atomistic

simulation
coarse-grained

simulation

methanol Epot (kcal/mol) -9.39 ( 0.02 -9.38 ( 0.003
∆Hvap (kcal/mol) 9.98 ( 0.02 9,97 ( 0.003
Cp (cal/(mol K)) 17.11 ( 1.8 13.04 ( 0.52
d (g/cm3) 0.67 ( 0.01 1.27 ( 0.0007

acetamide Epot (kcal/mol) -9.76 ( 0.02 -9.72 ( 0.003
∆Hvap (kcal/mol) 10.36 ( 0.02 10.31 ( 0.003
Cp (cal/(mol K)) 23.2 ( 3.9 11.98 ( 0.2
d (g/cm3) 0.93 ( 0.003 1.13 ( 0.0003

ethanol Epot (kcal/mol) -9.79 ( 0.03 -9.8 ( 0.002
∆Hvap (kcal/mol) 10.38 ( 0.03 10.39 ( 0.002
Cp (cal/(mol K)) 21.31 ( 6.2 10.63 ( 0.15
d (g/cm3) 0.91 ( 0.01 1.35 ( 0.0005

water Epot (kcal/mol) -10.06 ( 0.02 -9.93 ( 0.04
∆Hvap (kcal/mol) 10.65 ( 0.02 10.52 ( 0.04
Cp (cal/(mol K)) 20.46 ( 1.5 -
d (g/cm3) 1.0 ( 0.004 1.59 ( 0.004

a The abbreviations are as in Table 2.
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with the force between the two molecules averaged over their
orientations and over orientations and positions of the remaining
molecules (see section 2.1 and Appendix A). Poor representation
of energetic properties by the potential Ψ(r) shows that for
ethanol (and the remaining protic liquids) the potentials Φ(r)
and Ψ(r) are significantly different. The difference between the
average force -∇1Ψ and the force -∇1Φ associated with the
average potential is equal to the correlation function between
the interaction potential of a pair of molecules and total force
acting on one of the two molecules in the pair (see B8). From
the result (B8) of Appendix B, it follows that a simultaneous
precise description of the structural and energetic properties by
spherically symmetric effective potentials is not possible if there
are strong correlations between the interaction potential of a
pair of molecules and total force acting on one of the two
molecules in the pair. Such correlations are expected for highly
directional interactions, present in protic liquids.

We stress again that our results rely on the assumed form of the
CG potential, and performance of the optimized CG could be better.

In any case, howeVer, it seems that simultaneous precise description
of the structural and energetic properties of the protic liquids by
spherically symmetric effectiVe potentials is not possible. Thus we
want to emphasize that for protic liquids (or more generally clusters
of atoms whose interactions in atomistic simulation are dominated
by short-range highly directional ones) some microscopic informa-
tion has to be lost. Which information? This question is related to
the purpose of the CG. For example, if one wishes to preserve a
correlations/structure on the CG level (i.e., assume C ) 1.0), the
interaction energy per bead in the CG simulation will be reduced
in comparison to atomistic simulation. One can also argue that in
the best CG method the deviations of all quantities of interests
computed in the CG simulation from the corresponding quantities
measured in atomistic systems should be minimized. Within this
method, this can be achieved by choosing some intermediate value
of the parameter C, between C ) 1.0 and the value give in Table
1 (see the results displayed in Table 4 and in Figures 9 and 10).
One thing is certain from our study, namely that even for a highly
anisotropic atomistic system the researcher can fully control and
design the CG method. On the other hand, for aprotic liquids (or
more generally clusters of atoms whose interactions in atomistic
simulation are not specific in comparison to thermal energy) the
proposed CG method reproduces satisfactorily fundamental struc-
tural and thermodynamic properties, excluding isobaric heat
capacity. Taking into account our simulation results, one can expect
that many synthetic polymers (such as for instance polyethylene),
n-alkanes, noble gases, and simple molecules which interact via
weak electrostatic forces can be easily CG using the proposed
method. On the other hand, polysaccharides and other macromol-
ecules that are characterized by short-range directional interactions
between clusters of atoms are more difficult to CG and some
compromise between the accuracy and computational cost has to
be made. Further extension of our CG method for more complex
systems will be a subject of future works.

IV. Conclusions

We study the role of short-range directional interactions in CG
of protic (i.e., acetamide, methanol, ethanol, and water) and aprotic
(i.e., acetone, benzene, and toluene) liquids at normal conditions.
With the new CG method implemented in the N,P,T ensemble,
we obtain and compare with atomistic simulations several structural/
thermodynamic properties including: heat of vaporization, density,

Figure 8. Radial distribution functions (mass-center-to-mass -center)
for protic liquids computed from CG (dashed lines) and atomistic (solid
lines) simulation at 298 K and 1 bar. The interaction potential in the
CG simulation is such that the average energies in the CG and atomistic
simulations are the same. Note that for optimized average potential
energy the CG liquid is much more structured and denser (see Table
3) than the atomistic liquid.

Figure 9. Comparison of the radial distribution functions computed
for atomistic liquid ethanol (bold solid lines) and three effective CG
potentials (line styles as in Figure 6). Note that effective CG potential
with C ) 1.0 and 1.218 54 correctly reproduces the structure of the
atomistic liquid ethanol in CG simulations. In contrast, effective CG
potential with C ) 2.265 495 (i.e., optimized to reproduce the average
potential energy per bead) overestimates the structure in CG simulations
(see Appendix A).

Figure 10. Comparison of total bonding energies for monomers
computed for atomistic liquid ethanol (bold solid line) and three
effective CG potentials (line styles as in Figure 6). Note that effective
CG potential with C ) 1.0 and 1.218 54 underestimates the total
bonding energies for monomers as well as washes out some fluctuations
(see Appendix B).
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radial distribution function, and total bonding energy profile for
monomer. For aprotic liquids, the spherically symmetric CG
effective potentials correctly reproduce the properties mentioned
above, except for the isobaric heat capacity. For protic liquids, the
spherically symmetric effective CG potential produces more
structure, enhanced packing of beads and underestimated isobaric
heat capacity of the CG liquids. We explain this fundamental
difference between protic and aprotic liquids by taking into account
the presence of the short-range directional interactions in atomistic
protic liquids. Although some information from atomistic protic
liquids has to be lost on the CG level, the understating of the action
of short-range directional interactions between protic molecules
seems to be the key for their effective CG. Balance between the
average potential energy per bead (i.e., strength of attractive
potential) and correlations in liquid (i.e., radial distribution function)
allows controllable CG of protic liquids. Aprotic beads character-
istic for many polymers or n-alkanes seem to be easily CG by the
proposed method. We should mention that all our results are based
on the simple method of optimization of the interaction potential
in the CG simulations which is not unique and other relations
between the function Uc(r) and the trial effective potential could
yield better results for the structure and density. For example, one
could assume Uc(r) ) Ψ(r) - C for r < r0 and Uc(r) ) 0 for Cp

(cal/(mol K)), where Ψ(r) ) 0 for r > r0. C is a constant to be
determined in the way described in section II.1. Different methods
of determining the trial potential are also possible.
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Appendix A: Construction of the Effective Potential

We proceed as in ref 55. Let us consider the probability density
pN(r1, ..., rN) of finding the centers of mass of N molecules in
the positions (r1, ..., rN) regardless of their orientations

where

and the notation is introduced in section II.1. The exact pair
distribution function is given by

In (A1), we introduce the effective energy Ue(r1, ..., rN), which
in general is not pairwise additive and difficult to calculate. In
order to find an approximate pairwise-additive effective potential
that reproduces the structure as given by the pair distribution
function, we make the assumption that Ue(r1, ..., rN) can be
written in the form

where ri,j ) |ri - rj| and we make the Ansatz that the deviation
from the pair additivity is small, i.e.

Assumptions A5 are not generally valid and difficult to justify
in particular cases; they can be verified by comparison of the
results of the approximate and the exact theories.

The above equations do not define the functions ue(r1, ...,
rN) and Ψ(ri,j) in a unique way. The optimal choice of Ψ(ri,j)
should yield the best approximation for the distribution functions.

For a particular choice of the functions ue(r1, ..., rN) and Ψ(ri,j)
that satisfy (A5), we substitute (A4) for Ue(r1, ..., rN) and (A2)
for U(r1,ω1; ...; rN,ωN) in (A1), take the logarithm of both sides
of the resulting equation, and then differentiate with respect to
r1. The result is

TABLE 4: Comparison of the Thermodynamic Properties of Ethanol Computed from Atomistic Simulations and Selected CG
Effective Potentialsa

CG simulation for

property atomistic simulation C ) 2.265495 C ) 1.0 C ) 1.21854

Epot (kcal/mol) -9.79 ( 0.03 -9.8 ( 0.002 -3.5 ( 0.001 -4.6 ( 0.001
∆Hvap (kcal/mol) 10.38 ( 0.03 10.39 ( 0.002 4.09 ( 0.001 5.2 ( 0.001
Cp (cal/(mol K)) 21.31 ( 6.2 10.63 ( 0.15 11.24 ( 0.11 11.27 ( 0.26
d (g/cm3) 0.91 ( 0.01 1.35 ( 0.0005 1.07 ( 0.0002 1.16 ( 0.0003

a The abbreviations are as in Table 2. Note that simple rescaling of the trial effective potential (see eqs 4 and 5) allows full control of
thermodynamic properties computed in CG simulations.

pN(r1, ..., rN) ≡ e-�[Ue(r1,...,rN)]

Z
)

∫ dω1...∫ dωN
e-�[U(r1,ω1;...;rN,ωN)]

Z
(A1)

U(r1, ω1;...;rN, ωN) ) ∑
i<j

Ua(|ri - rj|, ωi, ωj)

(A2)

g(r1,2) )
V2 ∫ dr3...∫ drNe-�Ue

Z
(A3)

Ue(r1, ..., rN) ) ue(r1, ..., rN) ∑
i<j

Ψ(ri,j) (A4)

ue(r1, ..., rN) ≈ 1 and Ψ(r1,j)∇1ue(r1, ..., rN) , ∇1Ψ(r1,j)
(A5)

∑
j>1

ue∇1Ψ(r1,j) + corr )

∑
j>1

∫ dω1...∫ dωNe-�U∇1Ua(r1,j, ω1, ωj)

∫ dω1...∫ dωNe-�U
(A6)
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where the derivative of ue(r1, ..., rN) is included in the correction
term. We neglect this term according to assumption A5.

Each term in the sum on the left-hand side (LHS) of the above
equation has the same form as a function of its argument, and
each term in the sum on the right-hand side (RHS) of the above
equation has the same structure. We thus assume equality
between each term in the sum on the LHS of (A6) and the
corresponding term in the sum on the RHS. For j ) 2, we obtain

we multiply both sides of the resulting equation by the
denominator of the RHS and, next, integrate both sides with
respect to the positions of the centers of mass of the remaining
molecules

Using again assumption A5 in (A8), we obtain the final
approximation

where we introduced the notation

Note that up to the minus sign the RHS in eq A9 is the force
between molecules 1 and 2, averaged over their orientations,
and over the positions and orientations of the remaining
molecules. The potential Ψ of this orientation-averaged force
should yield the optimised pairwise-additive approximation for
the exact many-body effective potential (see A4). Since the latter
yields an exact pair-distribution function, Ψ is the effective pair
potential optimized in order to predict the correct structure.
When the effective pairwise interaction is assumed, the correc-
tions associated with nonadditivity of the effective orientation-
independent interactions (i.e. with ue(r1, ..., rN) * 1) are
disregarded. The deviations between the predictions of the
effective and the exact theories will occur in the case of strong
many-body correlations, i.e. when the probability of finding the
centres of mass of three molecules at (r1, r2, r3), p3(r1, r2, r3),
is significantly different from p2(r1, r2)p2(r1, r3)p2(r3, r2) where
p2(r1, r2) is the probability of finding the centers of mass of
two molecules at (r1, r2). Such correlations are expected for
short distances, and in such cases, the contributions to Ue(r1,
..., rN) due to ue(r1, ..., rN) * 1 cannot be neglected. The
spherically symmetric CG potentials cannot reproduce the
structure resulting from strong correlations between positional
and rotational degrees of freedom.

Appendix B: Comparison between Average Energy per
Particle in the Exact and CG Cases

The average energy per particle is given by56

After multiplying both the numerator and denominator of (B1)
by

we obtain

where

is the radial distribution function, and

is the pair potential between molecules 1 and 2 separated by
the distance r1,2, averaged over their orientations and over
orientations and positions of the remaining molecules (see
(A10)).

In the CG case, the average energy per molecule is given by

where Ψ is the potential of the orientation-averaged force (see
(A9)), and,

where the last approximate equality in (B7) holds when (A5)
is valid. The difference between uj and ujCG results from the
difference between Φ and Ψ. It is easier to compare gradients
of the above two functions, where the gradient of the latter is
given in (A9), and from (B5) and (A10), we obtain

ue∇1Ψ(r1,2) ≈
∫ dω1...∫ dωNe-�U∇1Ua(r1,2, ω1, ω2)

∫ dω1...∫ dωNe-�U

(A7)

∇1Ψ(r1,2)∫ dr3...∫ drNue ∫ dω1...∫ dωNe-�U ≈

∫ dr3...∫ drN ∫ dω1...∫ dωNe-�U∇1Ua(r1,2, ω1, ω2)

(A8)

∇1Ψ(r1,2) ≈ 〈∇1Ua(r1,2, ω1, ω2)〉r1,2
(A9)

〈X〉r1,2
)

∫ dω1...∫ dωN ∫ dr3...∫ drNXe-�U

∫ dω1...∫ dωN ∫ dr3...∫ drNe-�U
(A10)

ū ) Ū
N

)

∫ dr2...drN ∫ dω1 ∫ dωNUa(r1,2, ω1, ω2)e
-�UFV2

Z
(B1)

∫ dω1...∫ dωN ∫ dr3...∫ drNe-�U (B2)

uj ) ∫ dr2Φ(r1,2)Fgj(r1,2) (B3)

gj(r1,2) )
V2 ∫ dω1...∫ dω2 ∫ dr3...∫ drNe-�U

Z
(B4)

Φ(r1,2) ) 〈Ua(r1,2, ω1, ω2)〉r1,2
(B5)

ujCG ) ∫ dr2Ψ(r1,2)FgCG(r1,2) (B6)

gCG(r1,2) )
V2 ∫ dr3...drNe-� ∑ i<j

Ψ(ri,j)

Z
≈ gj(r1,2)

(B7)

∇1Φ ) ∇1Ψ - � ∑
j>1

[〈Ua(r1,2, ω1, ω2)∇1Ua(r1,2, ω1, ωj)〉r1,2
-

...〈Ua(r1,2, ω1, ω2)〉r1,2
〈∇1Ua(r1,2, ω1, ωj)〉r1,2] (B8)
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Equation B8 shows that if there are correlations between the
potential of a pair of molecules, Ua(r1,2, ω1, ω2) and the total
force acting on one of the molecules in the pair, the average
force -∇1Ψ is different from the force -∇1Φ associated with
the average potential. From the fact that Φ * Ψ and from eqs
B3 and B6, it follows that the exact and CG average energies
per molecule are different. Another source of disagreement
between energies per molecule in the atomistic and CG systems
results from the difference between gj and gCG, but this difference
should be of comparable order as the difference between the
structural properties.

Supporting Information Available: Figures 1S-7S and
movie file discussed in the text. This material is available free
of charge via the Internet at http://pubs.acs.org.
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