
9824 Phys. Chem. Chem. Phys., 2011, 13, 9824–9830 This journal is c the Owner Societies 2011

Cite this: Phys. Chem. Chem. Phys., 2011, 13, 9824–9830

Quantum fluctuations increase the self-diffusive motion of para-hydrogen

in narrow carbon nanotubesw
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Quantum fluctuations significantly increase the self-diffusive motion of para-hydrogen adsorbed in

narrow carbon nanotubes at 30 K comparing to its classical counterpart. Rigorous Feynman’s

path integral calculations reveal that self-diffusive motion of para-hydrogen in a narrow (6,6)

carbon nanotube at 30 K and pore densities below B29 mmol cm�3 is one order of magnitude

faster than the classical counterpart. We find that the zero-point energy and tunneling

significantly smoothed out the free energy landscape of para-hydrogen molecules adsorbed in a

narrow (6,6) carbon nanotube. This promotes a delocalization of the confined para-hydrogen at

30 K (i.e., population of unclassical paths due to quantum effects). Contrary the self-diffusive

motion of classical para-hydrogen molecules in a narrow (6,6) carbon nanotube at 30 K is very

slow. This is because classical para-hydrogen molecules undergo highly correlated movement

when their collision diameter approached the carbon nanotube size (i.e., anomalous diffusion in

quasi-one dimensional pores). On the basis of current results we predict that narrow single-walled

carbon nanotubes are promising nanoporous molecular sieves being able to separate

para-hydrogen molecules from mixtures of classical particles at cryogenic temperatures.

Introduction

Confinement of classical and quantum particles at the nano-

scale has attracted a lot of attention in recent years from a

fundamental point of view as well as its relevance to nano-

technology, material science, biology, geology, astronomy,

etc.1–10 The physical properties of confined particles and the

diffusion rate in reduced dimensionality exhibit a number of

peculiarities in comparison with the bulk phase.11–20 Among

novel nanomaterials, single-walled carbon nanotubes

(SWNTs) are excellent carbon nanomaterials providing a

quasi-one dimensional nanoscale confinement.21 It is well-

known that for classical particles anomalous single-file

diffusion (SFD) occurs when the individual nanopores of the

medium are so narrow that the particles are unable to pass

each other.22–29 As a result, the sequence of particles remains

the same over a long time. Because the movements of

individual particles are highly correlated, the mechanism of

molecular diffusion in quasi-one dimensional nanopores is

different from that observed for isotropic diffusion in the bulk

system. Experimental and theoretical results collectively

indicate that poorer mixing of adsorbed classical particles

(i.e. traffic at the nanoscale) in narrow carbon nanotubes

results in slow self-diffusive motion.22–29

To the best of our knowledge the self-diffusive motion of

light particles (e.g. 4He, para-H2, ortho-D2) adsorbed in quasi-

one dimensional channels of carbon nanotubes at cryogenic

temperatures has not been studied experimentally so far. It is

not surprising since both quasielastic neutron scattering and

pulsed-field gradient-nuclear magnetic resonance measure-

ments of self-diffusion at cryogenic temperatures in narrow

carbon nanotubes are very complicated. Individual carbon

nanotubes of various sizes with metal contaminates and

defects self-assemble into a stable bundle structure.21,30,31 This

complex structure consists of different adsorption sites,

including internal and interstitial channels, grooves, and

rounded surface of the bundle. Thus, the measured overall

self-diffusion constant of adsorbed particles does not

correspond to this inside a defect-free carbon nanotube. Other

experimental difficulties result from the instability of narrow

carbon nanotubes characterized by a high graphene curvature

as well as a poor experimental signal from light particles.

Rigorous theoretical calculations and computer experiments

offer an alternative tool for the investigation of the self-

diffusive motion of light particles in narrow carbon nanotubes
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at cryogenic temperatures. Due to low operating temperature

and strong confinement, consideration of quantum effects

(i.e., zero-point energy and tunneling) in molecular simulations

of light particles in narrow carbon nanotubes is absolutely

crucial.32–40 Quantum dynamics at finite temperatures is a

nontrivial problem of physics.40 However, recent progress in

this field allows reliable calculations of self-diffusion constants

for distinguishable particles (i.e. Boltzmann particles). It has

been shown by Rabani et al.,41,42 Hone et al.,43,44 and

Miller III45 that approximate methods of quantum dynamics

generate similar values of self-diffusion constants for simple

quantum fluids at finite temperatures.

Here for the first time, we demonstrate using rigorous

theoretical calculations that a self-diffusive motion of para-

hydrogen (p-H2) in narrow carbon nanotube channels at 30 K

is significantly faster than its classical counterpart. When the

effective diameter of the carbon nanotube approaches the

effective size of the classical p-H2 molecule (Lennard-Jones

collision diameter B2.589 Å) its self-diffusive motion is

drastically reduced. Observed slow individual motion of

p-H2 classical molecules in narrow carbon nanotubes indicates

the anomalous diffusion in quasi-one dimensional cylindrical

carbon pores (see movies attached to ESIw). In contrast,

computed self-diffusion constants for p-H2 molecules in

studied narrow carbon nanotubes are significantly greater

because the quantum fluctuations impact their dynamics at 30 K.

We systematically investigated thermodynamic and

dynamics properties of p-H2 confined in selected carbon

nanotubes at 30 K. For this purpose, we employed Feynman’s

path integral formulation of quantum mechanics at finite

temperatures.35 Following Ceperley,33,34 the degeneracy temp-

erature can be estimated from the relation TD = r2/3�h2/mkB,

where r denotes density of the quantum fluid. At the highest

studied density of the confined p-H2 of 40 mmol cm�3, this

temperature TD = 2 K, and is far below the investigated

temperature. We are thus confident that the Bose exchange

effects do not influence our results within the numerical

accuracy and thus can be neglected in our PIMC simulations.

We computed the frequency-dependent diffusion constant,

D(o), for the bulk and adsorbed p-H2 using analytic continuation

of the imaginary-time correlation function.46–48 As previously

discussed,48 for the isotropic bulk p-H2 we averaged

the imaginary-time correlations over three dimensions

(see comparison of experimental self-diffusion constants for

liquid p-H2 at 14 and 25 K with theoretical prediction

presented in Fig. 2S–3S, ESIw). For p-H2 molecules adsorbed

in narrow carbon nanotubes, we averaged the imaginary-time

correlations only in the axial direction (i.e. we report the self-

diffusive motion of confined p-H2 molecules along the nanotube).

The self-diffusion constant corresponds to zero frequency

absorption. For comparison we performed (classical) mole-

cular dynamics (MD) of the p-H2 classical counterpart for the

same state points. To extract self-diffusion constants in the

axial direction from our classical MD simulations we used

standard Green–Kubo integration of the velocity autocorrelation

function.49,50 To explain the results of real-time dynamics we

computed the following properties: the free energy, kinetic

and potential energy, high-temperature density matrix, and

displacement correlation function in imaginary-time.

Theory, methods, and simulation details

The potential models, computational methodology, and their

validation against known experimental data for the bulk para-

hydrogen at 14 and 25 K are documented in ESI.w

Results and discussion

We begin our discussion examining the effect of the carbon

nanotube size on the self-diffusive motion of p-H2 and its

classical counterpart in the axial direction at 30 K (Fig. 1).

Comparing to the bulk phase, confined p-H2 molecules self-

diffuse very similarly in all studied carbon nanotubes up to a

pore density of B24 mmol cm�3. Further increase in pore

loading results in slower self-diffusive motion of adsorbed

p-H2 molecules comparing to the isotropic bulk because

the strong confinement of p-H2 molecules impact on their

localization (see Fig. 2–6). As would be expected, self-diffusion

constants for p-H2 as well as its classical counterpart are

different in wider ((10,10) and (12,12)) carbon nanotubes. At

low densities (o21 mmol cm�3), p-H2 molecules self-diffuse

more slowly than their classical counterparts. Interestingly, the

Fig. 1 Density dependence of PIMC (panel a) and classical (panel b)

self-diffusion constants of p-H2 adsorbed in studied carbon nanotubes

at 30 K. PIMC and classical self-diffusion constants were computed

from axial component of imaginary-time and velocity correlation

functions, respectively. For comparison, the density dependence of

PIMC self-diffusion constants computed for the isotropic bulk p-H2 at

30 K is shown by a solid line.
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lower is the adsorbed density, the larger are differences

between self-diffusion constants for p-H2 and its classical

counterpart. This observation can be explained by a higher

scattering probability of the delocalized p-H2 in comparison to

its classical counterpart at low pore densities. In contrast, for

liquid-like densities of adsorbed fluids we observe very similar

self-diffusive motion of studied particles up to 32 mmol cm�3.

Fast quantum decoherence (i.e., short time between inter-

molecular collisions) in dense adsorbed p-H2 liquid can be

responsible for this similarity. In narrow studied carbon

nanotubes, we find different behaviour for self-diffusive

motion of p-H2 and its classical counterpart. As would be

expected, the self-diffusion constants for the classical p-H2

become progressively smaller with decreasing nanotube size.29

Apart from this, we notice that the higher is the absorbed

density the slower the self-diffusive motion of classical p-H2

molecules is. What is more interesting, for the narrowest (6,6)

carbon nanotube, we predict that p-H2 molecules self-diffuse

one order of magnitude faster than their classical counterparts

up to B29 mmol cm�3. For higher pore densities, the compu-

tation of the self-diffusion constants from imaginary-time

correlation functions is very difficult due to their small values

and inherent numerical errors. The results depicted in Fig. 1,

indicate a significant impact of quantum fluctuations at 30 K

on the self-diffusive motion of the confined p-H2 along nano-

tubes. To gain a better understanding of this spectacular self-

diffusive motion of p-H2 in narrow (6,6) and (7,7) carbon

nanotubes, we computed and examined a number of other

properties.

First, we consider the plots of frequency–diffusion constants

for the bulk and confined p-H2 at 30 K presented in Fig. 2.

Regardless the size of carbon nanotubes and pore loading, we

find that quasi-one dimensional confinement significantly

influences the p-H2 power spectrum at 30 K. In comparison

to the bulk p-H2, we notice a blueshift in the position of the

maximum of D(o), an increase in the phonon density of states

at intermediate and high frequencies, and a decrease in the

phonon density of states at low frequencies. However, for all

studied adsorption systems, we do not observe the energy gap

between the ground-state and lowest-energy excited states. For

low densities of the confined p-H2 we observe a sharp peak on

D(o). This peak is gradually smoothed out with pore loading.

A drop in the self-diffusion constant (i.e., the drop in zero

frequency absorption) is matched by the appearance of a peak

at finite frequencies, and the position of this peak increases

as the self-diffusion constant decreases. As shown by

Chandler et al.51–53 and others,45,54 all counted variations in

the D(o) spectrum with density result from stronger localiza-

tion of adsorbed p-H2 molecules in comparison to the bulk

ones. Thus to a first approximation, adsorbed p-H2 fluids look

at higher effective densities like bulk ones (i.e. nanoconfine-

ment shifts the phase diagram of the adsorbed p-H2).

Fig. 3 shows density variation of the PIMC kinetic and

potential energy computed for the bulk and confined p-H2 at

30 K. Due to strong localization of p-H2 molecules in the

solid–fluid potential well, the exact value of the kinetic energy

of adsorbed molecules exceeds this corresponding to the bulk

phase. Quantum fluctuations in momentum space at zero

coverage are reflected in the excess value of kinetic energy

strongly depending on the nanotube size (more precisely, the

shape and depth of the solid–fluid potential). As would be

expected, the higher is the pore loading the larger the kinetic

energy of adsorbed and compressed p-H2 fluid is. This is

caused by additional fluid–fluid interactions further increasing

localization of confined p-H2 molecules. The most spectacular

variation in PIMC kinetic energy is observed for the narrowest

(6,6) carbon nanotube, as is displayed in Fig. 3. High localization

of adsorbed p-H2 molecules due to steep solid–fluid potential

and adsorbed neighbours results in a rapid increase in kinetic

energy with pore densities above B25 mmol cm�3. This also

indicates that the variation of the many-body potential energy

surface with pore loading is the highest for the narrowest (6,6)

carbon nanotube. Using simplified classical reasoning, we

can imagine p-H2 molecules adsorbed and compressed

inside the (6,6) carbon nanotube as their very hot classical

counterparts.55–57 It is worth to point out that a rapid rise in

the kinetic energy of the confined p-H2 is fully consistent with

the fundamental Heisenberg’s uncertainty principle. Quantum

fluctuations in steep-solid fluid potential (i.e., strong localization

in the positional space) are responsible for high momentum of

Fig. 2 The frequency-dependent diffusion constant computed for

selected densities of p-H2 adsorbed in (7,7) (upper panel) and (6,6)

(bottom panel) carbon nanotubes at 30 K. Presented D(o) power

spectrums were computed from the axial component of imaginary-

time correlation functions. For comparison, the D(o) power spectrum
computed for the isotropic bulk p-H2 at 30 K is shown by solid line.
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adsorbed p-H2 molecules. In contrast, PIMC potential energy

slightly depends on pore loading, as is presented in Fig. 3. The

value of the potential energy is much lower in comparison to the

bulk phase and strongly correlates with the nanotube size. In all

studied carbon nanotubes, the potential energy of the adsorbed

p-H2 at 30 K is dominated by a high solid–fluid interaction

potential generated from interactions with nanotube walls.

Fig. 4 depicts the comparison of PIMC and classical free

energy values computed for selected p-H2 pore loading at

30 K. Regardless the size of studied carbon nanotube, we find

that quantum fluctuations reduce the classical free energy

barrier at the pore centre. The flatter free energy landscape

in narrow nanotubes destabilizes the localization of p-H2

molecules as opposed to their classical counterparts. For all

studied pore loading classical p-H2 molecules are trapped in

the solid–fluid potential minima close to the pore wall. Thus,

the penetration of the (6,6) nanotube space near the pore

centre by classical p-H2 molecules is an infrequent event, as is

shown in Fig. 5. In contrast, the excess of kinetic energy due to

quantum fluctuations increases the number of unclassical

paths (i.e., classically forbidden trajectories) promoting

the self-diffusive motion of p-H2 molecules towards the (6,6)

nanotube centre. In wider nanotubes, e.g. (10,10) and (12,12),

the free energy barrier at the pore centre is very high

(see Table 1, and Fig. 1S, ESIw). Quantum fluctuations of

p-H2 at 30 K are unable to smooth out the free energy

landscape significantly. As a result, both p-H2 molecules and

their classical counterparts are localized close to the pore wall

(see Fig. 5S, ESIw). That is why their self-diffusive motion is

very similar in liquid-like adsorbed phases.

To gain insight into delocalization of adsorbed p-H2 mole-

cules in narrow nanotubes we compared PIMC and classical

high-temperature density matrix for selected pore loading

(see Fig. 5). First, we notice that MD results are in full

agreement with the PIMC calculations in the classical limit

(i.e., PIMC with one bead per cyclic polymer chain). We find a

significant number of unclassical paths for p-H2 adsorbed in

narrow (6,6) and (7,7) nanotubes. Observed growing

delocalization of p-H2 in comparison to its classical counter-

part is fully consistent with the calculations of the free energy

profiles. Adsorbed p-H2 molecules are able to penetrate the

classically forbidden regions of the narrow (6,6) nanotube

space near the pore centre. We believe that this is reflected

in higher values of PIMC self-diffusion constants of adsorbed

p-H2 molecules in comparison to their classical counterparts.

Additionally one can see that the number of unclassical paths

is reduced with pore loading. As pore density increases the

Fig. 4 Density dependence of PIMC (solid lines) and classical

(MC—dashed lines) free energy of p-H2 adsorbed in (7,7) (panel a)

and (6,6) (panel b) carbon nanotubes at 30 K. Studied densities are: 1,

20, and 26 mmol cm�3.

Fig. 3 Density dependence of PIMC kinetic and potential energy of

p-H2 adsorbed in studied carbon nanotubes at 30 K. For comparison,

density dependence of PIMC kinetic and potential energy for the bulk

p-H2 at 30 K is shown by solid lines. The classical kinetic energy,

3/2kBT = 45 K, is displayed by a dashed line on the upper panel.
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path’s centroid is more localized close to the pore wall

(see Fig. 5). As is theoretically justified,53 a growing localiza-

tion of p-H2 molecules with pore loading slows down their

self-diffusion rate. Thus, for investigated operating conditions

we predict that the self-diffusive motion of p-H2 fluid confined

in all studied carbon nanotubes at zero converge is always

greater in comparison to finite densities.

As shown by Chandler et al.,51,58 Berne et al.,59,60 Miller III

et al.,45,61 and others,38,62 the mean square displacement

correlation function, R2(t), provides a quantitative measure

of the path’s structure. The loss of time dependence in

R2(t) indicates the localized state of the quantum particle

(i.e., collapse of Feynman’s polymer chain). In the localized

state a self-diffusive motion of quantum particle slows down

because of the limited accessibility to the extended states

configurations.51,59 The increased localization of p-H2 mole-

cules adsorbed in narrow nanotubes with increasing pore

density is clearly seen in Fig. 6. Interestingly for both narrow

((6,6) and (7,7)) nanotubes the extend of polymer shrinking

with pore density is similar. The spatial extend of the free p-H2

at 30 K, R2(b�h/2), is 0.6 Å2. Strong confinement of the p-H2

molecule in narrow nanotubes reduced its spatial extent down

to B0.4 Å2. However, the key observation is that the confined

polymer chains do not collapse into ground state (see the lack

of plateau in Fig. 6). This observation supports similar self-

diffusive motion of adsorbed p-H2 molecules in both carbon

nanotubes at 30 K over the wide range of pore densities, as is

shown in Fig. 1.

The main motivation for this work comes from the lack of

fundamental understanding of quantum dynamics in narrow

carbon nanotubes at finite temperatures. Our results are in

accordance with path integral calculations published by

different authors. As others,63–69 we find a softening of the

Fig. 6 PIMC imaginary-time correlation functions computed for

p-H2 adsorbed in (7,7) (panel a) and (6,6) (panel b) carbon nanotubes

at 30 K. Studied densities for a (7,7) carbon nanotube are: 7 (long

dashed lines), and 26 mmol cm�3 (short dashed lines). Studied

densities for a (6,6) carbon nanotube are: 11 (long dashed lines), and

32 mmol cm�3 (short dashed lines). For comparison, the imaginary-

time correlation functions computed for the free p-H2 molecule are

displayed by solid lines.

Fig. 5 Density dependence of PIMC (dashed lines) and classical

(PIMC for one bead—solid lines and MD—open circles) high-

temperature density matrix of p-H2 adsorbed in (7,7) (panel a) and

(6,6) (panel b) carbon nanotubes at 30 K. Studied densities are:

7 (bottom panel), 20 (middle panel), and 32 mmol cm�3 (upper panel).

The solid–fluid interaction potential is displayed by dash-dotted lines.

Table 1 Free energy barriers, DFsf, and kinetic energies of the
adsorbed p-H2,Ekin, at infinite dilution computed from PIMC simulations.
Reduced effective nanotube diameter, De, is defined as D/sff, where D
denotes the space in carbon nanotubes where the solid–fluid potential
is attractive, and sff = 2.598 Å denotes the (12,6) Lennard-Jones
collision diameter for p-H2

Parameter

Nanotube

(6,6) (7,7) (10,10) (12,12)

DFsf/K 29.3 215.5 491.1 528.0
Ekin/K 67.5 74.6 79.6 80.0
De 1.05 1.54 3.08 4.14
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classical free energy barrier by quantum fluctuations at finite

temperatures. The zero-point motion and tunneling increases

delocalization of quantum particles in comparison to classical

ones. This affects not only thermodynamic properties of

confined p-H2 molecules, but also significantly impacts their

self-diffusive motion at cryogenic temperatures. Obviously,

self-diffusive motion of p-H2 in host material at low tempera-

tures can be affected by point defects, metal impurities,

functional groups, etc., because random disorder always

promotes localization of quantum particles.51 Nevertheless,

for homogenous narrow carbon nanotubes (such as (6,6)

single-walled carbon nanotube) one would expect rapid

decreasing of self-diffusive motion for all classical particles at

cryogenic operating conditions. For the same operating condi-

tions, the self-diffusion rate of p-H2 in narrow carbon nano-

tubes is expected to be much higher because of the quantum

nature. Why narrow (6,6) and (7,7) carbon nanotubes are so

special? The answer to this question is straightforward. The free

energy barrier inside narrow carbon nanotubes is much smaller

in comparison to wider ones. Thus, the free energy landscape is

significantly smoothed out by quantum fluctuations at 30 K.

Taking into account our theoretical results we believe that

homogenous narrow carbon nanotubes are promising nano-

materials for construction of novel devices (i.e., nanofilters

being able to separate p-H2 molecules frommixtures of classical

particles at cryogenic operating conditions). This is justified by

the fact that all classical molecules of technological interests

(e.g. argon, xenon, methane, carbon dioxide, sulfur dioxide,

carbon monoxide, and others) are characterized by a higher

effective size than the studied p-H2 classical counterpart.

Lowering operating temperature would result in better perfor-

mance of nanofilters due to increasing quantum fluctuations.

Although our theoretical calculations shed new light on the

problem of quantum dynamics of light particles in strong

nanoconfinement at cryogenic temperatures, more theoretical

and experimental works are needed to fully explore the

potential of fascinating novel nanomaterials in separation

science and technology.
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